


Our situation today has an interesting parallel to the time when Galileo first
turned his telescope to the skies in the early 1600s. Detail can be seen in
the immediate neighborhood (in his case on the surface of the moon, in
our case on all the planets of the solar system). The dynamics (but not the
visual detail) can be sensed for distant systems (in his case the Jovian
system, in our case, the extrasolar planets).
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The first glimpse of Neptune
(from Galileo’s notebook)

A photograph of a crescent Neptune

Ben Oppenheimer talked yesterday about getting high-definition images of
habitable extrasolar planets within our lifetimes. At first, that sounds rather

far fetched, But | think it is actually a realistic, honest prediction.

High-definition images of extrasolar planets represent less of an advance
than has been made since Galileo’s time

More astronomers are at work now, than all the astronomers of the past.



Orbital Eccentricity
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QuickTime™ and a
Sorenson Video 3 decompressor
are needed to see this picture.

Animation of the dynamics of the precursor to the Upsilon Andromedae
Planetary system (Ford et al. 2004 simulation, NSF Animation)

To consider simultaneously all these causes of motion,
and to define these motions by exact laws admitting of
easy calculation exceeds, if | am not mistaken, the
force of any human mind.

- |[saac Newton
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Eccentricity and Mean Anomaly Quiz
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Eccentricity and Mean Anomaly Quiz
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Hi Everyone,

I've been looking at HD 80606 (the extremely high-e planet
originally reported by the Swiss). About a month ago, Debra
sent the 23 Keck velocities for the star (current through
245304.891). 55 Swiss velocities (with larger errors) have
been published, so I have done some fits to the combined syster

Combined Orbital Fit to HD 80606 velocities
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The higher eccentricity is resulting from the following Keck pc
52307.873 682.42 4.85 & keck \\

As you can see from the attached RV plot, Keck caught the planet

closer to perihelion than did the Swiss, showing that the radial velocity
swing is greater than previously measured, which forced the eccentricity
to a higher value. If this is confirmed, it would be a truly remarkable
result.

For the fit above, I compute a transit probability of 5%, assuming a
1 Rsun parent star. The transit is predicted for: JD 2453087.33 (March 22, 2004),
and would last for about 9 hours.



A satellite with an eccentric orbit that is in synchronous rotation
experiences Tidal Heating:

O Empty focus

_ Tidal bulge
Fixed point

With it’s high eccentricity, HD 80606b is experiencing o

a |Ot are nee%EF:jCé:gésorZrEI;tMLeizér%ﬁure
of tidal heating. If e=0.97, the fact that the planet

exists at all would put very important constraints on

it’s structure. That is, it would have to have a very
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combined RV orbital model for HD 80606b
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Hi Everyone,

Here is an update regarding the upcoming periastron passage of HD 80606b
on July 11. It is a real stroke of luck that this extraordinary event
corresponds with a Keck run.

First the airmass situation... HD 80606 is a serious stretch for July, and
Geoff told me that the telescope operator will need to be notified in
advance of the large hour angle involved.

HD 80606 airmass table for July 8-12 Keck run:

local time=20:00 Airmass HA Sun Alt JD
July 7 2.839 05 25 -12.4 2453194.75
July 8 2.924 05 29 -12.4 2453195.75
July 9 3.014 05 33 -12.4 2453196.75
July 10 3.109 05 37 -12.5 2453197.75 <- critical night
July 11 3,211 05 41 -12.5 2453198.75

Using the Monte Carlo generation of synthetic data sets method to estimate
undertainties, I calculate the following fit to the combined Keck+Swiss
data sets. Andrew, using an independent code, found a fit that is
identical to within the estimated error bars.

B = 111.301 +/~0:033 d

Mean anomaly = 296.7 +/- 0.8 deg at epoch JD 2451508.677
(equivalent to Tperi= JD 2453197.75}
-> e = 0.9712 +/- 0.018

w = 309.946014 +/- 5 deg
M=4.83 +/- 0.58 Mjup (assuming 1.1 Msun for the star)

The best fit therefore has the planet coming within 2 stellar radii at
close approach, which would have many very interesting ramifications.

The attached postscript figure shows the predicted radial velocity curve
during the upcoming Keck run. The four vertical red lines show 08:00 PM
Keck time on July 9, July 10, July 11, and July 12. For the best-fit to
the current data, the July 10th observing opportunity falls right on the
rapidly varying portion of the radial wvelocity curve. RV's obtained on
this portion of the curve will strongly constrain the eccentricity.
Currently, the location of the big swing is uncertain by about 1/3 of a
day.

The two green lines show the predicted ingress and egress times in

the event of a transit. The July 11 opportunity falls very close to this
window, and gives rise to the possibility of measuring the Rossiter
McLaughlin effect. The transit probability is about 5%.

Here is the predicted radial velocity curve for the early evening of July
10th.

JD-2400000 wvel (m/s)
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is really quite extraordinary. A *six minute* exposure
started at 07:30 PM on July 10th will span a reflex velocity change of 60
m/s. I think the best strategy on the 1lth would therefore be to take one
exposure of the usual length (to get precision in the event that the big
swing occurs several hours earlier or later) and then at least one short
exposure to hit the sweet spot between maximizing spectral 5/N, and

9th and 10th points are reduced prior to the evening of the 10th, we would

have a much better idea of when on the 11th the big swing is going to

occur.

best,
Greg




Hi all,
211 is well with HD 80606,

In the bag are observations of HD 80606 from 6 Keck nights, July 2, 3,
By 93 10, 11

There is still one more night of Keck data to process, from monday
night (July 12/13)

which was taken at JD = 24513199.74

You can fit all extant velocities with a simple Keplerian, with no
slope, and ecc = 0.945

On July 11, the velocities rose 190 m/s from the previous night, so the
very last night of observation,
yet to be processed, might show velocities near the peak (again).

The RMS = 9.8 m/s, is a bit high, as internal errors are ~5 m/s and
jitter is expected
to be 2.6 m/s.

These were tricky observations, as the star was at Hour Angle, HA = 5
hr West,

setting into the 12 degree twilight. Paul is working on the Doppler
analysis of the last night.

The extant velocities are listed below.

Onward,
Geoff
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Radial Velocity Fitting Applet

www.ucolick.org/~laugh/SystemicBeta/websystemic
.ntml
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desciibing e evvor contains only even powers of the

= h: [ /] 1,
6\#\)1\0\"1#‘/0\1 yv\-—- Y[x.\—H) - ?_:IO{;]“‘
trve valve
numevical estimate
3;, combfhinﬂ estimates, can gain L ovdels of Accuracy at a
nAL



For example, i n s evn, leb yup be e yesolt of applying
the Wodified Wikt wethod with n

gt b htor ad W It S
resu (T of GQP\\/IV\B if with » Steps. P Yin

Then  Y(x+H) T~ Yo
2

tvns out o be 4 ordar accvate.

but requives 1.5 devivative evalvahions per-
Step by as oppised > 4 G Runge

kuta.
key idea Wity Bulivsch - Shoev- /J‘> y[jﬂ/
_Byese,_
" ulel Yest:
. e? = Yesﬂ L) ; '
l._.‘. h
s =0
) '.-.'..':""‘ -
o
i 1
x X+H

I. Do tie moedified midpoint mthed with 2 skeps

2. Do wwmm W 4,68, (0,12, Nmax

3. Fit & polynowtial o Y(xtH)(h) and
exhapolate it fayorgh [v=0 —> great eshmalc.

LI‘- monifor Y[X{’H)nm“‘ }I(X‘H")o[d il < cifenion

£ stop W neNaa. Pt nou



The Bulirsch-Stoer method Is
Implemented for the planetary
N-body problem using:

integrator.f (on the course website)
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Detection of a NEPTUNE-mass planet in the p' Cancri system
using the Hobby-Eberly Telescope
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Debra A. Fischer?,Geoffrey W. Marey®®, and R. Paul Butler!
Dominique Naef*®, Michel Mayor®, Diedre Queloz®, and Stephane Udry®
and

Thomas E. Harrison”
ABSTRACT

‘We report the detection of the lowest mass extra-solar planet yet found around
a Sun-like star - a planet with an M sini of only 14.21 + 2.91 Earth masses in
an extremely short period orbit (P=2.808 days) around p' Caneri , a planetary
system which already has three known planets. Velocities taken from late 2003-
2004 at McDonald Observatory with the Hobby-Eberly Telescope (HET) revealed
this inner planet at 0.04 AU. We estimate an inclination of the outer planet
p! Caneri d, based upon Hubble Space Telescope Fine Guidance Sensor (FGS)
measurements which suggests an inner planet of only 17.7 &= 5.57 Earth masses,
if coplanarity is assumed for the system.

Subject headings: (stars:) planetary systems — stars:iindividual (p! Cancri —
astrometry
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4 Department of Terrestrial Magnetism, Carnegie Institution of Washington, 5241 Broad Branch Road
NW, Washington DC, USA 20015-1305

50Observatoire de Geneve, 51 Ch. des Maillettes, 1290 Sauverny, Switzerland
SESO, Alonso de Cordova 3107, Casilla 19001, Santiago 19, Chile

"Department of Astronomy, New Mexico State University, 1320 Frenger Mall, Las Cruces, New Mexico
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" hnd hence, if seveval lesser badies revolve abovt o grealect
one, T can be fovnd that the ovbits desonbed will aprmacln
closer o elliphical ovlorts, and the desuriphion of eyeors will
Lecovne Move pniform [T i the Socus of cach ovbit !5 "Ioca’rw{
n te common centerr of grﬂ.va of all the innev boodies.

Newton, Book T., Section IL, proposition 64, Principia

<
LY 3
—
Ty
4y
Astceninic Tacobi

see attached paper)
Qadial velocity fiks ave best considered as

woscvlating”  Tacobi cod rdinates.

\ > But whick epoch shovld
from the latin Yosevlave” ) fo kiss we yses

Y. [Te\aod'\ = Teri ] -
Spech Period

]. choose an epoch
2. \ntegrate the B5 cance I system
3. what happens?



Orbital Paramters o integate -

Table 2. Quad-Keplerian Orbital Elements of p' Cancri

Element, p! Cancri e p' Caneri b p' Caneri ¢ pt Caneri d
Orbital Period P (days) 2.808 + 0.002 14.67 £ 0.01 43.93 £ 0.25 4517.4 + 77.8
Epoch of Periastron 7' * 329531 + 0.32 3021.08 4+ 0.01 3028.63 £ 0.25 2837.69 £ G8.87
Eccentricity e 0.174 £+ 0.127 0.0197 £ 0.012 0.44 £+ 0.08 0.327 £ 0.28
w (%) 261.656 4+ 41.14 131.49 £ 33.27 244.39 £ 10.65 234.73 £ 6.74
Velocity amplitude K (m s ) 6.665 & 0.81  67.365 + 0.82  12.946 + (.86 49.786 £ 1.53
Vp Lick (ms™1) 21.166 £+ 1.31
Vo ELODIE (ms™!) 2727.448 + 2.42
o HET (ms™') 10.745 + 0.59

*Add 2450000.0 to T

> You choose fhe epoch !
- |5 the systom chide

_0‘[_



Table 3. p' Cancri - Mass Limits and Parameters

Parameter p* Cancri e p* Cancri b p! Cancri ¢ p' Cancri d
a (AU) 0.038 £ 0.001 0.115 4 0.003 0.240 £ 0.008 5.257 £+ 0.208
Asini (AU) 1.694e-6 & 0.19¢-6  9.080e-5 + 0.12¢-5 4 .695¢-5 + 0.14e-5 0.195e-1 &+ 0.007e-1
Mass Fraction (Mg ) 8.225e-14 + 2.33e-14 4.64e-10 £ 0.17e-10 7.151e-12 £ 0.54e-12  4.874e-08 £ 0.38e-8
M sini (Myyp )* 0.045 £ 0.01 0.784 -+ 0.09 0.217 £ 0.04 3.912 4+ 0.52
M sin (I\JINEPTUNE)H' 0.824 4+ 0.17
M sin i (I\“IEARTH)E' 14.210 + 2.95
M (Myyp )b 0.056 + 0.017 0.982 £+ 0.19 0.272 £ 0.07 49+ 1.1
M (Myyp )% 0.053 + 0.020 0.982 + 0.26 0.244 + 0.07 464 + 1.3
M (I\-‘INE}JTUNE)C‘d 1.031 £ 0.34
M (I\.fIEAm'H)C’d 17.770 4 5.57

2derived from radial velocity alone

bderived from radial velocity and astrometry, using Msini/sini

¢derived from radial velocity and astrometry, using m23/(ml+ m2)? = a*/P?

d

assumes coplanarity of the planetary system

_'['[ .



4-planet version of the

55 cavien sy;shm :

2000. time of integration (years)
500 number of timesteps per print (watch out!)
0.95 mass of the central star (solar masses)
0 set to 1 if making a surface of section (nb should be 3)
o1 set to 0 if reading in semi-major axes, 1 if reading periods
2.808 periods (days) or semi-major axes (au)
14.67
43.93
4517.4
= set to 0 if reading m anom, 1 if Time of Peri, 2 if m longitude
T 3295.31 mean anoms (deg), or Peri Passages (days), or m longitudes (deq)
3021.08
3028.63
. 2837.69
the “ﬂ’hﬁ&q,."3UOD.GO Starting Epoch (JDs) (both Tperi and Epoch are D-2450000)
are veally e ~0.174 eccentricities
k . 0.0197
m of kepleviw ",

en 1 chovld 0.327
ot wmatfey ~261.65 longitudes of pericentre (deg)
|

131.49

yich ’P"d“ 244,39

oy Ghosse v 234.73

¥ fﬁK 0.000 inclinations (deg) (This is 90-i, as usually defined)
Sl

ne- 0.000
,mkt]\mh" 0.000

_0.000

1} 0.000 longitudes of ascending node {(deg)

L g 0.000
by picking & 1qq0
) . lar -D.OUO
ﬂ!11€“ _0 set to 1 if inputting mass, 0 if inputting r.v. half-amp
spach, we At =g 465 Masses (x10°27 g)

Mk,‘ﬂ @ chefce  67.365

i a 511' of 12 Radial veletity half- amplitveles

49.786
“056“'“*“1 n 1.0e-13 individual timestep accuracy for bulirsch-stoer
.y V@sz ' 0.10 timestep interval for integrator (fraction period 1)
ﬂ|*1ﬂ| (ONAINOh 1 set to 0 for astrocentric coords, 1 for jacobi coords
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Ectentnoity
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o+ Motions of the planets - seculav’ vaviations, resonances, and
the stability of planetary systems -

nbegratim shading 02 b oassoon (Ve 26/200%)

n o

sgculay! exchange of opgiar yowunbn.
c £ Anis systen S lidy stable”indsfinilely

Y AN N R Y

Understavnding

: £= ot 15 aippesivg

E in 55 cavon (5

F oovipwly a

3= mater of
current

E ’ importamce )
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The 51rm’r Tﬁumfhﬁ of the IE.“' cenfury fntighhhmm} lhawe
cond @& svdden reswgance W vitdlity with the discoyery of

exhosolar planef. Laflmte, Euler;, and Lﬂgﬁﬂg& could be

?wduc{ﬂj' vseful work within 10 minvies werp -H.-tt')f o amive
o Ha scene today.

(625 : Kepler cemarks that- Tupiter and Sapm dlo nef-
belatve quite in accovdarice with hnis empinically (He offered a non-
determined [aws. - Newhon couldn'F explain Hhi's. secular solution)
¥
ESE;{":’][“” For ﬂ'url"l‘ﬁl'}# n= % is foosmall 5 Por Satvm n=2T" 4o ]"'ﬂ'
Mohon ; A $
peviod alwmys hj, |arge, velafive f:hkthr pevind i!; sl rel ']!:t A
piter s spivaling inward Satm s spivaling oshare



Halley ( early [F00's) Finds fhat i 2000 yeas, fhe acceleration
of TWitor amovats to 3°49" along the ecliptic, while the
acceleation of Satwn amemBy fo ~q° 14’

M This discvepancy becane kviown to He canhinental
matumaticidns Whe F;‘ckﬂd vp Whare Newton le€t
off as " e Grvande lﬂeﬂ‘l’r'-[-f"--'[m&na'l'lv\cn[vq[fhj.

748 Pavis Academy offors a prige €or the explangtion
752 Evler v(cvelufi Hee Havmework

) Imagines Feviw'onh‘mj from ove P[qm’r onfo
avnether a3 changes fo the (nearly) comsenved
elovmb of an ellipse:  a,e,T, 0,50, M

2) " Eulev compuied the miotion wholly ly Hie ellrphe
theory, Upoh e supposition that e planet-
EﬂhHﬂUﬂ“}f vevolved 10 an ellipse, Ha elepmants
of which vavied evew stk Fam thae achon

of Hu othor Slmru.ﬁ -
Nsum{:;zfﬁmmh‘q{ equationt for {le insfanfancow
values of the elewonty a5 & fuchm of Ham,
L‘“‘.‘H‘ u "“ﬂ“f’l'hmwus valves of Hae
o e &



The Disturbing Fmchion —  “Tisdistwbing.”
=D.N.C. Ljw

+ othey- bodies d‘=1

M

u
ﬂﬁﬁ‘iﬂ E‘l My

M; and Mj @ v both ﬁfar-képiem'am ovhite avound M,

ovbital wobion fov 8 desoribed (closely) by —aj,e;, Tq, Qi ;A
o~ time of pevuanhv pussage
Ia cecall: M= “'yc -T) — movtases like a clock hand .
\

mean amnmn\y

- .. Periceattt’

\p p ol Mean [mtj:'hml;
/

x= M+ W

£ frve : P4 \\mq;’nﬂdt of pevicentty”
o\r\oW|7 : alse tnw?{scs g
S tike & clock han
F Spet comsened D The effect of Wy on M; vesults

=W
" jnfeqval ” in addifioval acclevmhons. These

additiova| aculevations can be
ohhrmd from the gvacient- of
u"‘vd@m ‘)Uh'.mhal Twis peviwrbing
hql 15 called fL.,(n(ls-}vrbm, f\Mvhm

s |2
\



BaSiC |deq —_— FUUV{EY d]{ld[’f‘?‘c Hie dis-hfvbinﬂ ﬁmgf-{ov\
gs expressed (N ovbita| elepionts

jsolate fae +evms of inlevest;, qud
assume that e Hve avemged
contibvhons of otuws are Feglible

/ \
|- secular foms 2. vesonant fevms
J :
o 3. shat poriod orws.
Donyation o .
Aigtuvirivg funchion V.
Hed ﬁ"il = ;= il”‘/"l"%il) *

= = (5 e

i z . 'z,

;-4 = [{Krf:) +(?r)f-‘)2+{%j-%i*f]/
Fvow Newt’s law of umvwsal ﬂmﬁh;.-

W Hu mevhal Hame we c!t'r'.:

—_

M R, = MM Li) + ey
C
o -i':_—! —
wie g (57 — pwew G
? s ;e
— a — = -5
My R = M (GG) e G
-5 -»
I 0y

Accelernhions prighive fo the primany ave given by
TR BB R
i= K- R Ti'=_%'ﬂ.{



subsiviing the expressions fov ﬁ: Tlh; Ej
N J
recall little rsare f“’ = — b(Me +mi) G oMl G- %
relative to the e |2 ;2
primary . 2 v l
( and siwilavly For V7))

“This velahw accdmalion can be writlem 45 S\fﬂdim{?
0f scalav ?vl-mﬁdl fnchowns :

Yime depondant-)

A
|

CRATT S LEORRE RN TIES

il

ke 7 vol = G(Merm b =
sob e = HI2) g TR L
®j Y3ty Y i i &rj
]
éu S 1
e Disturbing FncHion

The indivech fonm anses from choiee of wiﬂiﬂ- lhlu.h lu Dﬁﬂiﬂ
¢ at Hu oo of Mo, Hoe judivect o lisappeart

5 consider & Star— ')_flqw,f' mlu-a.
secondavies = W, M’

radii =v, v’ with ver alvays
= = = v
Eom for ey secondavy is - P+ 6(M M) £ = Go’ - - A
= T R



For Hais 2.body case, dl’S'h/Vbinﬂ fwekion s

R £ p T
lr-71 '3

— we want o ge\' AN expvessiv fov F~ i fumc of ovbital elements.

Cosine rvle:
\?"-?‘1:: ‘r1+ Trz—lrr’Cos'\{’

-I
sl '[ 2

¥

This can be appvoxinated by faking
Hu Gwst fums n a sevies of
L_gsudﬂ Polynomials

1 I < et
wa Hae - E—?|= FZ},[%’) Pl@ﬁw)

Ibody cades
‘ﬁm'! i '-Hl“!
devivs {s syendivg Poltos¥) =]
al ik H'u%w P, (cos¥) = cos¥

P (ms‘ﬂr) =13 cos* 1)



2 »
Deaause 17 = rricos¥ = vr' P (c05¥)

We oan ﬂel'“ nd of  +he Levm "/Ll’ '\F?r i

Yo dicturbing funchion f ("’
R = /_'__:‘_' - My
17'-7 | L

by canceling With second fom in Huo Legendve Sevies.

. Tue Py st fem (Fvst tom) in Y Legendie
soies (A ke omithtd becavse [+ does vt depond
on {l ;w[o( wi qvt dlh‘mak’\/ fhl'f/l/[! I-f&{ in Hat
fﬁrﬂdl'ﬂﬂi' of R. at r.

(ann Hhvs write - ,_rf*'_: < _1';}1
R= = %}_{r,) P, (cos¥)

— Remember, we lﬂl:ﬂ“’{‘ o fl"Fﬂ’“"f Hue .;h'slrurln'nﬁr -F'llﬂf‘hih
in ttims of orbital elewents instead of Cartosian goovdlinates.

Recall 4 Why? Becavse for small Ffrﬁrhnh'ﬂhf, He ovbit 15 basically
is the mear) keylevian . X s the only tlemomb that will change
longitude. yery mveh. a1, W, and O will vavy slowly inTime,

meahing hal- an acovvake  Aesenplon peed nol involve
Mmany ms in the G’fPHmimj.



We will show that fuc expansion of R has e form
R.= /"zstfﬁ;“'ﬂ,e', T,T') cos o}
ie |

where He /s are livear Combivations of Hae
angle-based ovbilal elammbs XX, 52,57, W, w0’
with e denera| fovmn :
CPEG ".\"I'k’ 'I’J'z.ik i j%{w’*'j‘ﬂw *\jgij—}_"l'\.\bi-o_
whove Hee Jong (M21,2,..416) are infegevs auol
b

z JM( =0
M=1

To see hew Hiis Expansion Wevks, consider 4we plancts n
h‘u sapu Evhl}ﬂ[ Ffﬂm—? I:’-—n‘.‘?} S=p

®
4 f“ Wk 4 as the diffovonce iy
M tvve luﬂjﬂw&f:
V= (frw') - (F+m)
£ and f= e avomalies
Frowt tig idenhhes
cos ¥ = o5 £ cas W'~ 5t {/SINUT ) (cos Feosw —sinF siniw)
r (sin€'cos @'t cosF'sin”) (5inf cos 0 + gosf sim a7 )



sin € avd ¢cos £ can be wWritton (n Fwmgs pf

sentes eacpqﬂsfous ;

. . q . 2 .
sinM + €sin2m + e 5 5M3M = _é-smM)

S Fores ‘5‘“" ovdor and higlwr in e

2
st = cos M {'e(ooS'ZM“‘l) + 12[0::;3»4—- oosm)
oo 3”{ ovdlor and Wi g m €

Using these, get, to 1 gder M e:

cos Y = (] i e’z) cos[M — M + o —w']
—ecos[M' —w +w'] — & cos[M +w — w']
+ecos2M — M +w —w'] + ¢ cos[M = 2M' +w — ']
— %82 cosiM + M —w + '] — ée’z cos|M + M' +w -]
+ gez cos[3M — M +o —w’']+ ge’z cos[M —-3M' +o-w ]
+ ee' cos|m — @]+ ee’ cOS[2M - 2M' + @ — ']
—ee' COS[2M + w — w'] — ee' cos[2M' — o + w').



How do resonances emerge from the disturbing function?

we Showed

tnat He acceloabion of body M : )
o~ Aistvbing famchion

f\uTl'MHﬂ' frowm cenhal ubjn:l-—
w: A ol
[r=v r
pxpres ‘..._'; =) in foms of Lejmﬂlh' Pﬂiyﬂnminls:
PLV
i 2
= (H Pylees)
Y l=1
hote
|angitde of peviashon
't".r'.}ﬂ'ﬂ longitude ;‘"3 s tongrhee of Jongitvdes y
X = M+w (1= Mpﬁtﬂ:glﬂj > ﬂ:r:“m
medn aviomaly [ efevanet

line.



This sevies foqﬁsl‘am for Hu diﬂ“r'oiﬂj fwnchon cam
be wntim

R=pm'ZS(aa)ee), I,T') cos ¢
whwe te gual fovm for e mqument ¢ is
o= (2-2p'+ )N =(1-2p +qQ) X - q' W'+ qW
F -242p" )N = (M-L+2p) N
whae 2,m,p;p' q,q' ave all infges
ceriting Q= N+ ox+]aw0 + Jad + s Hjen

it wat be twe that :vi' anomalies
& /s
S ji=0 [ provided that lugihedes
i=t aye Wtd-)

note that a,a’je e’ 7 swovld all be slowly vavying,
Henee, in general, if an nvgumml- ¢ N e sevies contdting
X or X', then it cycles vapidly thvwgh 0->27, and
cantrbvtions o R avevage -ovt.

Next, tven attenbion to the sirengths, S, of Hae
individval +ermas
e It g

C w5 (EY pls¥)s 2T (55 pst)
e 25 [ o= S35l

wheve o= #/a’ = vaho of Hu Sewi-Major axes.



ln ovdler to complefely express

R wm joms of ovbital

elepwnts We need fo  express the distane v in ferms

pf e ovbifl elewumbs

- reeall

ﬂ“ + C):-' r“rqsi'mn

all- )= Yperiashon

Es jw e 3¢
” | - e cosM + ?[I—WSZM)‘I- -B—-[mﬂ—cox?,m'):p,..

subshitvle His sevies s Legendre Polynemial fvm for R,

and Hrn e aiﬁrbuic crank.

T, e =}
R=—5% o =1y K%
a l El BT

=}

Ll L
x 3 FuplDFimptl) 3
o=l LE et

% cos[( - 2p’ +g W —U=2p+aqr— g’ +qw
4 —l4+2pHR = (m—1 +2pal,

A I=2p p=lmld=2p" 5 8
'I"r-ln.g':rl','a-l.r-'.n =]

(6.36)

‘

where ¢ = a/a’, » and A" are mean longitudes, w and @’ are the longitudes of
pericentre, and xp = 1 and «,, = 2 form # 0. s
The Fmp(i) are the inclination functions defined as

i (1 4+ m)!
pll = p)!

2 -2 2p —m—2p-2k m— 3
X;(—U*( - p)(l—m—k)fm 2B m 422

where i = /=T, k is summed from k = max(0, ! —m =2p) tok = min( —m, 2~
2p), s =sin 41, and ¢ = cos I
The quantities X" (e) are Hansen coefficients, which can be defined by

Fimp(1) =

oo
- b
xeb(e) = e MY X0 pe
o=0

In this context « = max(0, ¢ — b), f = max(0, b —c), and the X;‘f,’ are Newcols
operators, which can be defined recursively by

Xy
Xy

%

»

E
8=b—a/2,

conhinied o viext palde .

N

~J

Everytiing

fw this expressio
IS written in
terms of orbital elements!



ol ford = 0.

4eXTh =26 - a)XIG + (b~ a)XZH,
o, ford # 0,

4dX53 = —202b + )X4) — (b + )Xo

—le—5d + 4+ 4b + )X,

3\ aa
£ e —d+5) r—nf( : )x‘
=i+ ?;1 :

e jl=4*

Also, X2 =0ifc < Oord < 0. Ifd > c then X7 = X3.".

wnnbs
Py Hat do vot jmvelve a wean lumgi’rualz ave
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Table 2. Co-Planar Fit to G.J 876 Radial Velocity Data
Parameter Planet ¢ Planet b
P (d) 30.38 £ 0.03 60.93 £ 0.03
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QuickTime™ and a
YUV420 codec decompressor
are needed to see this picture.

GJ 876 integrated for 100 years
(this animation is on the website)
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QuickTime™ and a
YUV420 codec decompressor
are needed to see this picture.
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How do systems et nto resonance 2
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D\'%vemh'al Migmh’ow lfads o df'FPW6ﬂ+' resovant

ovkromes, depending 0V Mass ratio awdl Miguation ke,

[(a) 6, = 0°, 6, = 180° (b) 6, =6, =0°

m,/m, = 0.3, t/P,, = 6x10°
(c) (d)

m,/m, = 1.5,t/P,, = 4x10° m,/m; = 5.0, t/P,, = 2x10°

Fig. 2.
of planets with constant masses and initially nearly circular orbits. The dashes on the ellipses

Examples of 2:1 resonance configurations that can be reached by differential migration

representing the orbits mark the positions of the periapses, and the planets represented by the
small dots are shown at conjunction. (a) Anti-symmetric configuration with ¢y ~ 0° and 69 ~ 180°
at small eccentricities. The eccentricities of the orbits are exaggerated so that the positions of the
periapses are more visible. (b) Symmetric configuration with ¢; = 0y = 0° near t/Pyg = 6 x 10° in
Fig. 1. (¢) Asymmetric configuration near t/ Py = 4 % 10° in Fig. 3. (d) Asymmetric configuration
with intersecting orbits near t/Pyp = 2 X 10° in Fig. 4.



QuickTime™ and a
YUV420 codec decompressor
are needed to see this picture.

HD 128311 -- 2:1 resonance. 0, librating, 6, circulating
(this animation is on the website)



Secular Perturbation Theory

Understanding Long-Term Interactions

— 1748- Euler develops perturbation framework

» Describes the effect of planet-planet interactions in terms of
time-varying deviations of the orbital elements (i.e. describe
the perturbation in terms of a disturbing function.)

— 1770’s- Lagrange and Laplace .

» Divided the disturbing function into secular and periodic terms. The
secular “occuring over an age” terms arise from treating the planetary
orbit as a wire of varying thickness. The periodic (including resonant)
terms depend on the mean longitudes (the positions of the planets in
their orbits). The periodic terms were assumed to average out over
many orbits.

» Showed that to second order in inclination and eccentricity, the
inclinations and eccentricities of the planets vary periodically, and that
the semi-major axes of the planets remain constant. In particular
Jupiter and Saturn participate in a 71,000 year exchange of angular
momentum -- the Laplace-Lagrange mode.

» This secular exchange did not explain the great inequality, however.

Lagrange

Laplace
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The Laplace Lagrange Mode
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\With a bunch of dlgebra, we can write, for R and R,
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Recall tnat Laplace’s planctawy equations tell vs
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The plancfary equatians can be wirton  (applying fhe chain nic

At 28 at oW df

disy . T g By ol
b 09 db W, At

Ei-F.' = 28 dly + 3_}{_1 dﬂj
At 2T; de 2.0y dt

dg; _ 29 4L . i AL
At *a'l‘_] at '3.5').:] dt

whue e Imﬁ-rnf Jodivatives are  (Solloving from Hae defus.)

22 Ej ) *aei Ej awj J BW‘]‘

i P, 20 -4, 30 —qj, Wi



Miev wore algebraic manipulation | find that H
Javiahon  in bybital elewwnls cqn be  writhn

; 1 W ;
YRl ¥ i 2k; ! Kj nsds? 31-1}
PJ--I—-}-—R-QJ 1i= —-—1—1@5&

nity 29 4 ep

Wi {an this  owt txflfci‘-'rly fov bodies | md 2,

F\,:A“k‘l Ak, IC.L, ”"'P&uhi“-’ﬂll’lz
‘:".-;. = Ay K ¥ Ankz i —hmhl = ot

f:.l = Bud1 + Bp 1z ;:II = =BuPr~ Bnu
P2=Budi ¥ B2 qe™ 'FBZI?I" B’JLF':

L Yime vavabon of i ki «> €W

Lt ) Is
demurl-rol Lrom F“;JTC{J. a4—p I}ﬂ_

9 these are lintav, firsk odder; ovdinawy Ai Horontia
equations witn cousyand  (oefficients.  Heneeg, Hac

ordolent of secdlar povhwbations veduces fo twe sefs
of ejgewvalve probleis |



The Solutions ave given by
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The laplace-lagrange theory does a pretty good
Jjob of describing Jupiter-Saturn, as well as
many of the non-resonant multi-planet exosystems
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On the website is a code that computes the laplace-lagrange theory for an
arbitrary planetary system.

QuickTime™ and a
YUV420 codec decompressor
are needed to see this picture.

HD 37124



The Great Inequalilty Explained

1776: Laplace discovers the source of the Great Inequality
as arising from the 5:2 near-resonance between Jupiter and

Saturn.

— He showed that a previously neglected third-order term in the
periodic portion of the disturbing function has a very small
denominator. This term leads to a 926 year periodicity in the
mean motions of Jupiter and Saturn. The apparent long-term
accelerations of the orbits of Jupiter and Saturn are actually

periodic.

— With his theory of the great inequality, Laplace was able to explain 2000

year old Chaldean observations of Saturn. He asserted that the Solar

System is indefinitely stable.
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“These laws which thus regulate the
eccentricities and inclinations of the
planetary orbits, combined with the
invariability of the mean distances,
secure the permanence of the solar
system throughout an indefinite lapse of
ages, and offer to us an impressive
indication of the Supreme Intelligence”

-Robert Grant “A History of Physical
Astonomy™, 1852

QuickTime™ and a
Video decompressor
are needed to see this picture.
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Chaotic interactions between planets in multiple-planet systems can lead to all
sorts of disasters (collisions, ejections, scattering). Chaotic evolution likely
plays a role in dynamically sculpting many of the systems that are observed today.
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