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A Numerical Table

Numerical Integrations for the Stellar
Interior
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Differential equations, elc.:
See Wares (1944), particularly his equations (4) and (39).

2

D-‘Hb-'l-l NN NRNNN DN W
o s s s « s s w ‘e e 8 R TR RS

Homology invariants:

d\—1

v=Fawt(-3)",  V=grnw Fa we(-2 923 772¢
Initial conditions: 1379 305
772 B
1087

314 Sy

.

L

OB

Vv g%=o )

NNOOUT NS HBWY NN HNOO0OO0 OO0O0oOo
. R o linl gl v s s v s s 8 s

NNNNJ Pt et

Starting values near center:

A

T V=vo—tFp (o) £2+. .. .

Yo listed in first line of tabulation of each integration.




B’FH for
Nucleosynthesis

E.M. Burbidge, G.R. Burbidge,
W.A. Fowler & F. Hoyle,
Rev. Mod. Phys., 1957

Synthesis of the Elements in Stars”

E. MARGARET BURBIDGE, G. R. BURBIDGE, WILLIaM- A. FowLer, axp F. HoyLE

Kellogg Radiation Laboratory, California Institute of Technology, and
Mount Wilson and Palomar Observalories, Carnegie Institution of Washington,
California Instilule of Technology, Pasadena, California

“Tt is the stars, The stars above us, govern our conditions”;
(King Lear, Act IV, Scene 3)

but perhaps

““The fault, dear Brutus, is not in our stars, But in ourselves,”
(Julius Caesar, Act I, Scene 2)

TABLE OF CONTENTS

I. Introduction
A. Element Abundances and Nuclear Structure
B. Four Theories of the Origin of the Elements
C. General Features of Stellar Synthesis

II. Physical Processes Involved in Stellar Synthesis, Their Place of Occurrence, and the Time-Scales
Associated with Them 55
A Mades af Flement Syntheaic




Classification of processes for nucleosynthesis,

BURBIDGE, BURBIDGE, FOWLER, AND HOYLE
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in Fowler, B & B 1955

Rev. Mod. Phys. 1957

to clarify the later discussion we give an outline of these
processes here (see also Ho54 ™ =

o maoeen H-DUINING

Hydrogen burning is responsible for the majority of
the energy production in the stars. By hydrogen burning
in element synthesis we shall mean the cycles which
synthesize helium from hydrogen and which synthesize
the isotopes of carbon, nitrogen, oxygen, fluorine, neon,
and sodium which are not produced by processes (ii)
and (iii). A detailed discussion of hydrogen burning is
given in Sec. IIL

@z He-burning

These processes are responsible tor the synthesis of

carbon from helium, and by further a-particle addition

for the production of O'%, Ne*, and perhaps Mg*. They
are described in detail in S¢ ™77

@i « A-Process

These processes include the reactions in which a -

3a(1952), C/O(1954-)

I
The source of the a particles is different in the o process.

than_in helium burning.
(iv) e Process e

This is the so-called equilibrium process previousiy
discussed by Hoyle (Ho46, Ho34) in which under con-
ditions of very high temperature and density the ele-
ments comprising the iron peak in the abundance curve
(vanadium, chromium, manganese, iron, cobalt, and
nickel) are synthesized. This is considered in ¢+~
in Sec. IV.

(v) s Process S

This is the process of neutron capture with the emis-
sion of gamma radiation () which takes place on a
long time-scale, ranging from ~100 years to ~10° years
for each neutron capture. The neutron captures occur
at a slow (s) r d to the intervening beta
1 4 2| R PEN

PR [l [ W QU iy 1 Py JErR « A

(vi) r Process r

This is the process of neutron capture on a very short
time-scale, ~0.01-10 sec.for the beta-decay processes
interspersed between the neutron captures. The neutron
captures occur at a rapid (r) rate compared to the beta
decays. This mode of synthesis is responsible for pro-
duction of a large number of isotopes in the range
70<4<209, and also for synthesis of uranium and
thorium. This process may also be responsible for some
light element synthesis, e.g., S%, Ca'®, Ca*, and perhaps
Ti"7, Ti*®, and Ti%. Details of this process and the results
of the calculations are discussed in Secs. VII and VIIL.
The r process produces the abundance peaks at 4 =20
130, and 194.

(vi) p Process p

This is the process of proton capture with the emis-
sion of gamma radiation (p,y), or the emission of a neu-
tron following gamma-ray absorption (y,n), which is
responsxble for the synthesis of a number of proton-rich
isotopes having low abundances as compared with the
nearby normal and neutron-rich icatones Tt is disenssed

in Sec. IX.
(viti) x Py X-prOCGSS

This process is responsible for the synthesis of deu-
terium, lithium, beryllium, and boron. More than gne
type of process may be demanded here (described col-
lectively as the x process), but the characteristic of all
of these elements is that they are very unstable at the
temperatures of stellar interiors, so that it appears
probable that they have been produced in regions of low
density and temperature. There is, however, some ob-
servational evidence against this which is discussed in
Sec. X together with the details of the possible syn-

thesizing processes.
LAlf af Makla TT 1 4iha ahaawdawann oF
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Standard text book “Stellar Structure & Evolution of the Stars

M. Schwarzschild, 1958

| STRUCTURE
AND EVOLUTION OF
THE STARS

' *

‘ By MARTIN SCHWARZSCHILD

PRINCETON UNIVERSITY PRESS

| |



HHS for Evolution of the Stars
C. Hayashi, R.Hoshi & Sugimoto 1962
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SUPPLEMENT
OF THE
PROGRESS OF THEORETICAL PHYSICS

NUMBER 22 1962

Evolution of the Stars

Published by the

h Institute for Fund l Physics

I"p

Supplement of the Progress of Theoreiical Physics No. 22, 1962

Evolution of the Stars

Chushiro HAYASHI, Reéun HOSHI and Daiichiro SUGIMOTO

Department of Nuciear Science, Kyoto University, Kyoto

Contents

§1. Introduction
1A. Nuclear Burning and Stellar Chemical Composition
1B. Hertzsprung-Russell Diagrams
IC.  General Feature of Stellar Evolution and Outline of the Contents
1) Phase of pre-main-sequence contraction
2) Phase of hydrogen burning  3) Phase of helium burning
4) Phase of carbon burning and later phases
5) Final phase toward white dwarfs
1D, Notations
§2. Nuclear Energy Generation and Energy Loss by Neutrinos
2A. General Theory of Nuclear Reaction Rates
2B, Hydrogen Burning
1) ppchain 2) CNO-cycle
2C. Helium Burning
2D, Carbon Burning
2E. Further Nuclear Burnings
1) Neon burning  2) Oxygen burning  3)  Sulphur burning
4) Magnesium burning ) Silicon burning
2F. Energy Loss by Neutrinos
1) Urca process
2) Uni | Fermi i ion between cl and
§3. Fundamental Equations for Quasi-static Equilibrium
3A.  Fundamental Equations and Properties of Matter
1) Equation of state 2) Hydrostatic equilibrium
3) Continuity of energy  4) Temperature gradient
5)  Opacity of degencrate matter
6) Change in the chemical compasition due to nuclear burning
7)  Determination of solutions
3B. Integrals of Equations
3C. Polytropic Solutions
1) The Emden soluti 2)  Solutions of lly condensed type
§4. Solutions in the Envelope, in the Core and near the Surface
4A.  General Outline
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TOOLS-2
Machine (gear) calculators

TIGER
by hand

MONROE
electrically driven




Hayashi’'s sayings (aphorisms)

A EEEX

Extend the problem as wide as possible

Then, concent
Avold unclear

rate to the central problem
assumptions

Return to physics (esp. to elementary processes)
Construct a system from elementary processes

(René Descartes: Discours de la méthode pour bien
conduire sa raison, et chercher la vérité dans les

sciences A%

F5it)

Construct a whole story (of evolution)
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Electron deg core leads to red giant (1947)

Progress of Theoretical Physics Vol. II, No. 3, Jul~Oct. 1947,
Giant Stars Producing Energy by C-N Reactions.

Chushiro HavAsHI

(Received March 20, 1947)

Atcording to the shell source model of Gamow and Keller," red giant
stars are considered as being at the evolutional stages of the main sequence
stars and generating energy by (=N reactions only in a shell inside which
all the hydrogen contents have allready been consumed. However their
results about the radii and luminosities of stars with the large mass are not
definite, because the consistency between the luminosity and energy libera-
tion is not taken into account.




REVIEWS OF MODERN PHYSICS VOLUME 17, NUMBERS 2 AND 3 APRIL-JULY, 1945
—————

A Shell Source Model for Red Giant Stars

G. Gamow anp G. KELLER )
The George Washington University, Washington, D. C.

1945: fixed T* = 2 x 10'K

CONCLUSIONS

The results obtained in the previous section
indicate that the growth of the energy producing
shell within a sufficiently massive star may lead
to a very large increase of stellar radius, thus
pringing the star into the region ot the Hertz-

sprung-Russell diagram occupied by the red

giant and supergiant stars. It is tempting,

therefore, to consider the stars of these groups

as representing various stag_e's of hydrogen shell

source evolution, particularly in view of the fact

R that there is, as it seems, no other adequate
Lj’ﬂ Ro explanation of their existence. In fact, it is not
possible to consider stars of the red giant branch
as still being in the stage of gravitational con-

- F1G. 8. Evolutionary tracks caléulate‘d for the stars of traction since in this case their radii would be
0.1, 0.4, and 4 M. The values of the radii of the stars

on the 4 M® curve are very uncertain and could be
actually much larger than indicated.

v v -
0] +10 +20




Included: (REL)
Degenerate electrons + ions
radiation pressure & pressure ionization

(1+ u%eiu
j 3,4 o (2mh TV TGCa(P, T), G —j-—_——]—————-—— (13)
0

=+ ]

V=t = ‘i{f (2mkTY%G3(o, ),

p T
”(1-!-"“‘"‘1”)( + kT; u)% RFN (14)
=j A |

0

and the pressure of the heavy particles is approximately

— 10 ’ &
Py=— kT (15)

where g, and gy are the mean molecular weights of electrons and ions re-
spectively. The equations of the isothermal cores are reduced to




Integrated envelope solution inwards,
subtracting nuclear energy generation until L(r)=0
to obtain the core-mass

dL(?')_ 9
—=darpe (9)
Mz \Y%
r-...3( o )", log 4=2355 (11)

where Xy, combined abundance of € and &, is assumed to be 19 of the
Russell mixture, The' right part of Table 2. shows the values where L(7)
vanishes. At this point P, 7 and M(#) are continuous with those of the
interior, but p must satisfy the following conditions owing to the disconti-




mass fraction of the core M*/M

Capella
Zeta Aur.
smaller than S-C limit (1942)

0.047
0.028

Table 1.
spectral ffectiv di luminosit: * *

star I;eyp:a texen;r:;ire .I?lnﬂaj;'@ r;‘/:{’z) un'xzn;?gy |09U |Og V

Cap. A GO 5200 4.18 15.9 120 -2.03 -1.28

¢ Aur. K | K4 3200 148 200, 6310 -2.85 -1.19

Table 3.

star X* log o* MMy 1*[ R o Pe M*/M
Cap. 035 | 42.105| 1.50 0.198 | 0.0302 17 29.10] | 0.047
cAur. | 037 | 65410 1.58 || 0410 | 0.0186 31 | 12.10¢] | 0.028

Hayashi C.,1947,PThPh,2,127




Progress of Theoretical Physics, Vol. 5, No. 2, March~April, 1950. 19 50

Proton-Neutron Concentration Ratio in the Expanding Universe at the
Stages preceding the Formation of the Elements,

Chushiro HavasaI.
Department of Plysics, Naniwa University.

(Received January 12, 1950)

$1. Introduction.

In the theory of the origin of the elements by Gamow, Alpher, and colabo-
rators”, primordial matter (ylem) of the universe, which afterwards has been
cooled down owing to the expansion of the universe and has formed the elements
through nuclear reactions such as radiative capture and beta-decays, is assumed
to consist solely of neutrons. At early stages, however, of high temperatures
(#T=mc, m being the electron mass) in the expanding universe before the
formation of the elements, induced beta-processes caused by energetic electrons,
positrons, neutrinos and antineutrinos, in addition to the natural decay of neutrons,

such as

ntet 1755 ptav,
ntv T pe,

n TS5 pte oy,

v+ — et 4
n4 vt "2 pte,




Three types of Physics

Type A) Local Physics
- micro processes under given environment (Descartes)
- e.g., p/n-ratio in early Universe, origin of the elements
though the environment changes in time as specified by other principle

Type B) Physics including (spatial) structure
- characteristic of Astronomy
- e.g., stellar spectra formed in stratified layers
< structure given by other principle (incl perturbation method)

Type C) Global Physics for structure & its formation
- should be solved as a whole system (beyond Descartes)
> pehavior as a whole appears beyond the sum of local physics

non-linear feedbk

structure assumed -

@ flow changes structure

as environment for local phys j ﬁ

(including linearlized flow)




el-deg core; effect of non-deg ion (1957)

Progress of Theoretical Physics, Vol. 17, No. 6, June 1957

Giant Stars with Shell Sources of C-N and p-p Reactions
Chushiro HAYASHI
Department of Physics, Kyoto University, Kyoto

(Received March 2, 1957)




lon pressure makes
the core mass smaller?

——

without correction with correction

2.05 2.05

1.15 1.16
0:33 S 0.22

Hayashi C.,1947,PThPh,2,127




log U
VS
log V
plane

admired

by Martin
as

Hayashi’'s

Invention

U=0.001

log U
Fig. 1. U=V curves of the solutions of the partially degenerate isothermal cores. Full and
dotted curves show the cases u,/ue=2 and u, /p,=oc, respectively. Valucs of ¢ are shown on

the points on these curves.
Hayachi C.,1957:PThPh,17,727




§25. HEATING OF CORE BY CONTRACTION

1 ] contracting He core
Hydrogen - rich by Sandage

\ =— " anvelope

\ & Schwarzschild 1952

similar figure
for el-deg He core
oesid g (no ion-pressure)
& by Schwarzschild
Rabinowitz & Harm1953

models with H-He
iIntermediate zone
(stability criterion)
o by Harm

2 * & Schwarzschild 1955

Fig. 25.1, UV plane showing models with nondegenerate, contract-
ing ;'nslium cores. (Sandage and Schwarzschild, Ap.J. 116, 463,
1952




Hayashi & Cameron
15.6 M, 1962

stars in
C-burning
& later

/I stars in
He-burning

f: onset of
C-burning

| 1 1 | | 1 1

.8 1.0 1.2 14 1.6 18 2.0
BV
Fig. 7-6. Evolutionary track of a star of 15.6M@ superposed on the color-magnitude
diagrams of h and X Persei. Segments of the track correspond to the phases: a-b,
hydrogen depletion in the core; b-c, contracting helium core; c-d, helium depletion
in the core; d-e, contracting carbon-oxygen core; and e-f carbon burning in the
core.




T | . r
He-burning
region | onset of

156 T

1 5'6 NI @ e ——— ]

g

o

later comp — Red-giants of 15.6 M contains stars in He burning
SN1978A — Star in the later phase could be a yellow giant,
it its envelope mass was lost in the preceding phase




To extend the evolution computation
through C-burning phase and beyond

It was necessary to formulate
the surface Boundary Conditions

Including the effects of

convection

with finite efficiency of heat transport
co-existent with radiative transport,

Incomplete ionization,
and opacity at low temperatures.




Boundary Condition fm photoshere outwards

photosphere: optical depth (|with hydrostatic equil)

2 0 R ph p (k) R?
— = d7 = / kpdr = / K dP ~ Py
3 ph ph 0 G M, GM

GM? M

AT RY - f47rR3

effective polytropic index, and homology parameter:
N and Bp" = fNT!

homology variables: p = p

k
eq of state only at the photosph: P = (u—H> pT

luminosity: L = 4n R°c T,



HHS (1962)

k=Ko P*T",

H 2 ET 1—x

5 + (8xH)¥2(ET)*2 (1+x+6) }

s XK {(1 +x)<i+»—-~¥~)+2 In—%—

Po=(A/ky) Y+,

E= 47TKG3/2<,L¢H/18)5/2M1/2R3/2.

result: P, almost const

dimension ?

only
When Ek[,l,dek =0

l.e., when in equil.

dimension ?

E=45.46 ?




Fig. 4-13. Curves of E=10 and 40 in the
HR diagram for given stellar masses
(population T composition: X=0.61,

Y=0.37, Z=0.02).

I
35 34

Success:
Hayashi lines
and Hayashi phase,
which opened
a new paradigm
for the origin
of the solar system

Hayashi lines
Hayashi & Hoshi (1961)

lower T
for larger E




1 * h4x Persei/ ///////}/
51_ ////////////{{{f{/ ‘ -
® ! NGC330 \\\\\\\\
S | \\\\\\\\\\\
¥ 3

S

. NGC458

it

log T.

Fig. 4-16. Curves of =20 for 8=0.15 and
0.30 in the HR diagram as compared with
the galactic clusters.

comparison with
observed giant branches
of some clusters
HHS (1962)



Comparison with young cluster NGC 2264
Hayashi, PASJ vol.13, pp. 450-452, 1961

34 _ 32




T l . |
Dwarf-type solutlgzrgz s
Lol 32.99 =" 145.11 I
h(:]) -
S wholly
?O convective
<
0.5~ i
--------------- E=4548
--------------- 4511
0.0~ . VR ;T R |
N 42.62
= .[ S S A \\\\-- 500
i AP G S 1k W 3222 -
/ ! \\ \\ ‘::—_-:-_.'Z:::“ 5 .
i |hydrogen, \ \\\ ~10,20
l/ lbegins to \\ \\ \\ \ :
—05|_ \_burn BN
38 3.7 3.6

Hayashi phase

pre-main-seq contr;
Initially

wholly conv case
1 M

HHS (1962)

lower T,
for
larger E




Hoyle & Schwarzschild 1955
for Globular Cluster

fitted to env sol
higher T, for higher E

§24. GROWTH OF ISOTHERMAL CORE

log Te '

Fig. 24.2, Hertzsprung-Russell diagram representing
two evolutionary phases with helium cores of moderate

;‘i;zi; for various trial values of E (data from Table

Giant-type env solution

Described also in detall
in Schwarzschild’s book 1958

fitted also to core sol
(time sequence)

]

T log T

Fig. 24.3. Approximate evolutionary tracks in
Hertzsprung-Russell diagram for stars of 1.2 ¥ in
phases with large helium cores. The numbers give
the mass fraction of the core, g,, as it increases

during the evolution. (Hoyle and Schwarzschild,
Ap.J., Supplement No. 13, 1955)




[ T " htz Persel
54 ,, ’//////////// é z:

—.; ! NGC.’B@ g
- [l 1 : ) -
Hayashi lines for different Neg

eliminate R, P.., Pons Pphs [on

result L ~ T8

.3 “"/’II//'{"‘” J
_ N+1 L
L e 4 pHG\N T

57 £ . Ex; '
TN_3 Fig. 4-16. Curves i:fgzig;zo for £=0.15 and
ro B(k)) \ k o I a
, Neg: 13/4 3 2 3/2 1 0
relation to homology parameter: B : +2/9 0 -2 -6

o +0
for N=3/2 : B=—EFE

1 3 2wk,
for N =3 and = : B =
n+1 16macG T4+ M.,

4Cg




Difference on E dependence comes from:

definition: E=4rKGY*(uH/k)**MYVERY2. — K= yf;‘ig.

| | M 1/2 R 3/2
fitted to core: E = exp(o. —04) [‘Pcli/z 2/2 (E) <Ed>

For dwarf-type sol: [...] ~45. Radiative core results in smaller E
For giant-type sol: ¢ very large but compensated by large diff ino’s

surface at ptd only: E =

2(2m )52 ( I
T phtosph cond

3/2
(h/27)? u(e”> S )

For R=const: smaller E— largero— higher Praa/ Pgas
— more photons escape — higher L (Hayashi)




Evolution in the forbidden region ?

HHS (1962)

Not the dynamical evol, but thermal instability




Change of entropy distribution
from birth through Hayashi phase

O: initial

\ 1: surface cooled*

2: convection

: Inwards

Y (Hayashi phase)
3: radiative core

appears 4: Henyey stage
(COW yey stag
* optically thin

** more transport
0.5 ideal gas & Kramers’

= . @




Why Prof. Hayashi so great

« Constructed not only the theory of stellar evolution and protostar formation,
but also a systematic theory for the origin of the solar system, Kyoto model

 Awarded:
- for evolution of the stars (& protostar 1961-)
Eddington medal (1970); Imperial Prize of the Japanese Academy (1971)
- for origin of the Solar System 1970-
(promoted also cooperative research with geoscientists)

Order of Culture (1986); Order of Sacred Treasure, First Class (1994);
Kyoto Prize (1995)

- for lifetime contribution, Bruce Medal (2004)
« Pioneering works (He began the fields before others can notice)
« Established the discipline of nuclear astrophysics in Japan
(Nurtured so many disciples)
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