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Shear Band Formation of
Sheared Granular Flow



Introduction — “What’s Granular Particle?”

Inelastic Collision

Restitution coefficient material constant?
O<e<l] Is that true?

Depends on Impact Speed, Situation, Size

Elasticity, Surface tension, viscoelasticity

Negative restitution coefficient
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Introduction — “What’s Granular Flow?”
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» Always Non-equilibrium State

dy system of Dissipative Particles

» Coexistence of Static Region

» Micro-polar Fluids ( Rotation ) :



Granular Systems in Planetary Science

Proto-planetary Disk

Size Distribution in E-ring
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Kinetic Theory for Granular Gases

Kinetic Theory

Boltzmann eq. for dissipative particles

%+u-Vf =azjdu1jdﬂ®(vr n)l:fl _ff1:|

Energy —>» not a collision invariant, enerqgy loss rate

Velocity distribution function
Enskog method, Grad expansion method

7 —  Dependent on the system

Rotational degrees of freedom can be absorbed in ¢

e=e—u+2u’(l +2)



Hydrodynamic equations of Granular Gases

[Jenkins and Richman (1985),
Saitoh and Hayakawa (2007)]

“lenkins & Richman” without rotation

Hydrodynamic Equations

Area Fraction v Velocity Fields u

(scaling units are
m

Granular Temperature = Z<(c —u)2> shown in the next slide)
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Shear Band Formation

DEM Simulation [Saitoh and Hayakawa (2007)]
Normal Force
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Shear Band Formation

Results

» Initial Condition
» Configuration is at Random
»Gaussian Velocity distribution

»Transient Dynamics
»Two narrow Shear Bands
»Slowly moves to the center region
» Collide and Merge

»Steady State
» A wide Shear Band

6000 Energy
(Translation and Rotation)
4000; ®Restitution coefficient : e = 0.85
. ®Friction constant: ¢ =0.2
200011 iction constant: ¢« =0
- | ®The number of particles : N = 5000
0
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Shear Band Formation ( Analysis )

Hydrodynamic Fields Y _average

Area Fraction  v(Y) e
Velocity Fields u=(u(Y),w(Y))
Granular Temperature -
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Solve “Jenkins & Richman” ?
Boundary Conditions d
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Shear Band Formation ( Analysis )

Results Area Fraction

Initial Condition
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» Kinetic Theory well reproduces the results,
even if the density is high 12



Analytic Solution for Steady State

®Mean Area Fraction : 0.24
LN T ad WpeT
dy dy
2 —
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» Transient Dynamics is Complex
» Steady State is also well reproduced



Discussion and Conclusion

Discussion

» More Realistic Models
ex. Shear Flow of Cohesive Granular Particles

» Influence of Self-Gravity
»Quasi-2D system
» Effects of Jamming and Rotation in the Dense Region

»Fragmentation and Aggregation

Conclusion

v'Shear Band Formation is found in the DEM simulation
v'Analytic Solution of Steady Shear Band
v'Kinetic Theory works well, even if the Density is High
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II.

Linear stability analysis and
Weakly nonlinear analysis of
Sheared Granular Flow



Introduction

Linear Stab/llfy Analysis Growth Rate

p—¢y=¢pxe” Lp=0¢  Relo]
Weakly Nonlinear Analysis

Near the Neutral Mode o© =0, + ag’ +---

0 A=caA+yA> +---

-0 Pitchfork Bifurcation,
O, = N . .
ex. Super-/Sub-critical bifurcation
O =1@  Hopf Bifurcation, ex. Limit Cycle
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Introduction

o, =0

a
a>0, <0
Supercritical —6 a
0, 7>0 1
a>uv, y> ﬂAS)
Subcritical S

External field, ex. Gravity,

H KL/ —K 58
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Introduction

Previous Works

Granular Gas p. shukla and M. Alam

06 — (2000) »Homogeneous State is Unstable
i =0 .
" _ & »Granular Gas:
0.4 b . oy . . .
z Supercritical Bifurcation
o 03}
o . Subcritical Bifurcation
01} » Dense System:
50 100 150 200 Subcritical Bifurcation

Dense System E. Khain (2009)
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Setup and Basic equation

Setup | W/d
Lees-Edwards Boundary >
ol o (o] o o/ |©O
()
Shear rate Y Lid

| o © o ©
7/=2d/L 40
x o

Basic equation
“Jenkins & Richman”

Hydrodynamic Field Base State
¢ = (v,u,w,0) 90 = (r0,7Y,0,60)
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Setup and Basic equation

Convective Term

0,0+v-V = 0;0+yYOxp+. . .

\y  ay
Stretched Coordinate -
(= X — 4tY Ox = Oy
Ty=Y a}’:ay_’}"fax X,;
Base State

. 2
: T 3%w)
oo = (10,0,0,6p) b = \/g(leﬁ)ugg(u[])
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Linear Stability Analysis

Linear equation
¢ = ¢ — oo 0ip = Lo
Symmetr
! ! (v(=x,=p, 0\ v(xp.0))
u(=x,=p,0) | _ | —u(x.y.1)
w(=x,=v,0)|  [-w(x,»,1)

O (—x,—».0)) \ O6(x, 1) )

Fourier Transform

Ky = kx Mo = o¢
Jlf-y (t) — k’-}f -+ ”':;"'tk}{
4 X4 Real Matrix 2



Linear Stability Analysis

Eigenvalue f =0

Real part Imaginary part

0.01 0.1

-0.01 0.05

-0.02
-0.03
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Linear Stability Analysis

e ™ e

(a) t | (b) t2 (c) 1(3

0.2 5 T 0.2, ; 0.2

0.01 0,01
0 o

| -0.01 -0.01

ky 0.1 % - B 002 ky 1= - B 00 ky 0.1 -
-0.03 0.0

0L | = 0L I j oL |
0 0.1 0.2 0 0.1 0.2 0 0.1 0.2
k:{: kuL kg,

Neutral mode
o.=0 —> Real number!

ki =2md/L
ky, — vtk = 2nd /L
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Weakly Nonlinear Analysis

Scaling
Hydrodynamic limit
L/d — o ie. ¥— 0

Fixed Temperature
0o = (fixed) o 7°/(1-e)
Expansion Parameter
e =Vl—e
y=é
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Weakly Nonlinear Analysis

Long Length Scale

(£.0) = €(x.,))

Wave number

K=€eq |kl ~ O(1/x)
Long Time Scale ... scaled by y
T =yt =€t
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Weakly Nonlinear Analysis

Near the Neutral mode
M = e M+ Mo+O (63)

= 62(1er()(63)

M(E’:O'é » M2q5=&(3

& determines “Linearly Stable”
or “Linearly Unstable”
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Weakly Nonlinear Analysis

Hydrodynamic equations
(07 = M) = Na |0 |+Ns |ddd |+. .
Disturbance Field
b = €d; + €y + 0(63)
O(€?) Neutral Solution
b, = A, C,7)eN + c.c.

Disturbance Amplitude
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Weakly Nonlinear Analysis

O(€’) x €'9¢
Mgy = —0:¢1 + Moy + D107
+ D,,0:0,¢1 + @13i¢1 + N3 |

Zero eigenvector (Left)
S
Time Dependent Ginzburg-Landau equation
0-A = @A+D 3, A+D10:0,4+D, 5, A+y A|A]
d; =@y —T0:
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Bifurcation Analysis

Coefficient of A| A| ?

x 106 %10~8
W = 7 2.0
i " 1.0} ’
| s Sub-ctitical
Y ol | Y Sopercrtica o
0.0 _mmmm— 1.0}
208 2.0} &
40102 03 04 05 06 07 0.8 B =
Vo
=01 v, <0.53  Super-critical bifurcation

6,=mU*/4 vy, >0.53  Sub-critical bifurcation
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Numerical Analysis of the TDGL equation

Super-critical
Bifurcation
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Numerical Analysis of the TDGL equation

Sub-critical
Bifurcation

We assume
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Discussion and Conclusion

Discussion

» Coefficient of A\A\4

» Examine the Sub-critical Bifurcation.
In Experiment or the DEM simulation

Bifurcation Parameter U/

»Physical Boundary Condition
» Effects of Jamming and Rotation in the Dense Region

»Quasi-2D system

33



Discussion and Conclusion

Conclusion

v'Derived the TDGL equation for
Sheared Granular Flow
in the Hydrodynamic limit.

v'Sub-critical Bifurcation is found
in the Dense Region.
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