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the velocity dispersion of planetesimals !e*vK exceeds their escape
velocity for m [ 1024 g, planetesimals dominating the surface den-
sity become larger after 106 years. In contrast to the case without
fragmentation, the mass of bodies dominating the surface density
ceases at about 100m0, owing to a high collisional velocity
e"vK J

ffiffiffiffiffiffiffi
Q "D

p
. The slope of nc for m ! 1011–1020 g (r = 0.1–10 km)

is nearly #(5 + 3p)/(6 + 3p), which is typical of a collision cascade
for v2=Q "D / m#p (Kobayashi and Tanaka, 2010). The downward
mass flux along the mass coordinate is constant with mass in the
collision cascade. For m [ 1011 g, the velocity dispersions (e* and
i*) are effectively damped by the gas drag in the Stokes regime
(see Fig. 6). Because the collisional energy ! e"2v2

K

" #
is lower than

the energy threshold Q "D
" #

for a destructive collision, the down-
ward mass flux becomes insignificant compared to that in the col-
lision cascade. Therefore, the number of the bodies increases
around 1011g where e"2v2

K ! Q "D. Bodies with m ! 105 g (r ! 1 m)
are most efficiently removed by the radial drift and smaller bodies
(m$ 105 g or r$ 1 m) are coupled with gas. As a result, the mass
distribution becomes wavy (see Fig. 5). The surface density of
bodies with e"2v2

K ! Q "D is much higher than that of the coupled
bodies. However, planetesimals with !100m0 dominate the sur-
face density. At 4 % 106 years, the oligarchic growth is inhibited
by fragmentation inside 5 AU, where the number of fragments de-
creases compared to that at 106 years.

Fig. 7 shows the embryo-mass2 evolution at 3.2 AU. At the run-
away growth phase (the first [105 years), the embryo mass grows
as an exponential function of time. The growth rate becomes much
lower in the oligarchic mode at 105–106 years. The embryos exceed
that for the case without fragmentation. They are substantially fed
by small fragments whose velocities are damped by gas drag and
are low (see Fig. 6), resulting in their rapid growth. However, they
grow at a sluggish pace at about 4 % 105 years because the surface
density of planetesimals is decreased by collision cascade followed
by removal of small bodies by gas drag. As a result, the final embryo
mass is reduced by fragmentation. In this case, since Mc and Mf are
comparable, the embryo mass is determined by both effects. Even
so, the final embryo mass is consistent with Mc and Mf.

Fig. 8 presents the embryo mass at 107 years as a function of
distance, including the results for three additional annuli at 1,

1.4, and 2.0 AU.3 In simulations at a 6 2.7 AU, we use silicate bodies
(Table 1) instead of icy bodies. Decline of the planetesimal surface
density caused by fragmentation results in embryos smaller than
those for the case without fragmentation inside 6 AU. The masses
reach only 0.01–0.1M& in 107 years. The embryo masses at
a [ 1.5 AU and a = 2.7–5 AU are consistent with Mc or Mf. Inside
a [ 1.5 AU, the final mass is determined by the largest of the two
masses, Mc and Mf (see Fig. 9). For m0 = 4.2 % 1015 g (r0 = 1 km),
the embryo mass is determined by Mf because of Mf > Mc (see
Fig. 10). In addition, if both Mc and Mf are smaller than Mn in Eq.
(A3), the fragmentation is nearly negligible and the embryo mass
is given by Mn (see Appendix A for an analysis of embryo growth
without fragmentation).
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Fig. 7. Evolution of the embryo mass at 3.2 AU with fragmentation (black solid line)
and without fragmentation (gray solid line). Dashed lines indicate Mc (Eq. (19);
black) and Mf (Eq. (28); gray).
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Fig. 8. The embryo mass at 107 years for initial planetesimal mass of 4.2 % 1018 g
with fragmentation (filled circles) and without fragmentation (open squares).
Dashed lines indicate Mc (Eq. (19); black) and Mf (Eq. (20); gray). Gray solid line
shows Miso (Eq. (6)) for comparison. The vertical line represents the snow line
a = aice = 2.7 AU.

103 104 105 106 107
10−8

10−6

10−4

10−2

100

Time [year]

E
m

br
yo

 M
as

s 
[M

  ]

Mc

Mf

Fig. 9. Same as Fig. 7, but at 1 AU.

2 Here, embryo mass represents the average mass of the ‘‘runaway bodies”.

3 The results come from two simulations: one in a < 2.7 AU and the other in
a > 2.7 AU.
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where v = e*vK. This equation is valid unless the surface density is
much smaller than that of embryos, Rs!McnM. Therefore, an esti-
mate of Rs for the final embryo mass is given by

Rs

Rs;0
¼ CRs Mc

24=3p~ba2hMcRs;0

¼ CRs

Mc

Miso

! "2=3

; ð20Þ

where CRs ! 1 is a constant. Generally, Mc should be smaller than
Miso.

We assume Q %D ¼ Q0gqrbg for the gravity regime and thus
a = [11 + 3(bg & 2/15)]/[6 + 3(b & 2/15)]. For the minimum-mass
solar nebula (R0 = 7 g/cm2 and q = 3/2), Eq. (19) can be re-written
as

Mc ¼ 0:10
lnðRs;0=RsÞ

4:5

! "1:21 a
5 AU

# $0:63 m
4:2' 1020 g

 !0:48

' M%

M(

! "&0:28 Q 0g

2:1 erg cm3=g2

! "0:89 q
1 g=cm3

 !1:85

M); ð21Þ

where bg = 1.19 for ice. Here, we estimate ln (Rs,0/Rs) ’ 4.5 from Eq.
(20) with the use of CRs ¼ 0:1 for Mc = 0.10M) and Miso = 2.8M).
With fragmentation, the final embryo mass given by Eq. (21) be-
comes much smaller than the isolation mass, Eq. (6). As we will
show in Section 3 with the aid of statistical simulations, the plane-
tesimal mass m is about 100m0, where m0 is the initial planetesimal
mass. We assume m = 100m0 and will compare Mc with the embryo
mass obtained through the statistical simulation.

2.3.2. Growth with accretion of fragments
For the steady-state mass distribution of collision cascade (see

Appendix A), the surface density of small fragments is much lower
than that of planetesimals and the accretion of fragments is insig-
nificant for embryo growth. The collision cascade may terminate at
a certain mass where destructive collisions no longer occur due to
low collisional velocities damped by a strong gas drag. The steady-
state mass distribution is achieved if fragments at the low-mass
end of the cascade are quickly removed by the gas drag. However,
when the Rs-decay time resulting from the collision cascade is
shorter than the removal time of the fragments by gas drag, the
termination of the collision cascade yields a large amount of frag-
ments at the low-mass end of the cascade and would dominate the
solid surface density. Here, we examine the termination of the col-
lision cascade and estimate the embryo growth through accretion
of such fragments.

For small fragments, the e*-damping rate resulting from the gas
drag is given by (Adachi et al., 1976)

de%

dt

! "

gas;f
¼ & e%g

s ; ð22Þ

where g = (vK & vgas)/vK is the deviation of the gas rotation velocity
vgas from the Keplerian velocity. For q = 3/2, g = 1.8 ' 10&3 (a/
1 AU)1/2. For small fragments, CD depends on u and e* becomes much
smaller than g by the gas drag. Hence, the damping rate given by Eq.
(22) is different from Eq. (13). Since the gas drag substantially damps
e* of small fragments, hPVSi = 73 is independent of e* for e*! hM.
Thus, the equilibrium condition between the stirring (Eqs. (10) and
(11)) and the damping (Eq. (22)) gives

e%2 ¼
h3

MhPVSisXK

24=3p~bg
: ð23Þ

Smaller fragments have low e* because of low s.
The collision cascade will no longer operate for such low e*. The

collisional energy between bodies of mass m is estimated to be
me%2v2

K=4 and is much smaller than energy threshold 2mQ %D for

me = m at the low-mass end of the cascade. Therefore, at the low-
mass end

e%2v2
K ¼ CLQ %D; ð24Þ

where CL is a constant. As we will show, the surface density of frag-
ments becomes higher at the low-mass end of the collision cascade.
Our simulation yields CL ’ 1 at the low-mass end.

The surface density of the fragments decreases as a result of the
radial drift by gas drag. From Eqs. (23) and (24), we estimate the
scaled stopping time ~sstop of the fragments at the low-mass end
of the cascade to be

~sstop ¼
sXK

g ¼ 24=3p~b

h3
MhPVSi

CLQ %D
v2

K
; ð25Þ

’ 19CL
a

5 AU

# $ M
0:1M)

! "&1 Q %D
3:1' 106 erg=g

 !
; ð26Þ

where Q %D ’ 3:1' 106 erg=g for ice bodies with r = 10 m and we will
derive M * 0.1M) in the following analysis. Since ~sstop + 1, the cou-
pling between the fragments and gas is weak. Therefore, the drift
velocity of fragments is given by 2g2a/s (Adachi et al., 1976). Since
s / a3/4 for the fragments and Rs / a&q, the Rs-depletion rate is gi-
ven by dRs/dt = &2(9/4 & q)g2Rs/s. Eliminating s of fragments at
the low-mass end of the cascade by Eq. (25), we get

dRs

dt
¼ & 9

4
& q

! "
Rsh3

MhPVSiXKgv2
K

21=3CLp~bQ %D
: ð27Þ

Since hPcoli ’ 11:3
ffiffiffiffi
eR

p
is independent of M for e*! hM, integration

of Eq. (8) divided by Eq. (27) gives another formula for the final em-
bryo mass,

Mf ¼
27=3CL

~bpCacca2hPcolið3M%Þ1=3

3ð9=4& qÞgPVS

Q %D
v2

K
ðRs;0 & RsÞ

" #3=4

; ð28Þ

where we set M = 0 at Rs = Rs,0. We recall that hPVSi = 73 and
hPcoli ¼ 11:3

ffiffiffiffi
eR

p
in Eq. (28) are independent of Mf for e*! hM. In

addition, since Q %D for the strength regime is almost independent
of the fragment mass m, we neglected the mass dependence of Q %D
for the derivation of Eq. (28). Assuming Rs,0+ Rs and q = 3/2, we
obtain

Mf ¼ 0:14
~b

10

 !3=4
a

5 AU

# $3=2 M%

M(

! "3=8 q
1 g=cm3

 !&1=8

' Rs;0

2:7 g=cm2

! "3=4 Q %D
3:1' 106 erg=g

 !3=4

M): ð29Þ

The final mass given by Eq. (29) is also much smaller than the iso-
lation mass, Eq. (6). Furthermore, Mf is comparable to Mc given by
Eq. (21). When planetesimals have a large Q %D because of a rigid
material (high Q0g) and/or a large size, Mc is larger than Mf. In the
opposite case, Mf exceeds Mc. The final mass is supposed to be the
larger of the two, Mc and Mf. We apply Q %D for r = 10 m and will com-
pare Mf with the embryo mass resulting from the statistical
simulation.

3. Numerical simulations

3.1. Method

Many authors attacked the problem of the planetary growth
from planetesimals to embryos by N-body simulations (e.g.,
Kokubo and Ida, 1996, 2002), the statistical method (Wetherill
and Stewart, 1993; Kenyon and Bromley, 2004), and the hybrid
method (Kenyon and Bromley, 2008; Chambers, 2008). We apply
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mate of Rs for the final embryo mass is given by

Rs

Rs;0
¼ CRs Mc

24=3p~ba2hMcRs;0

¼ CRs

Mc

Miso

! "2=3

; ð20Þ
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We assume Q %D ¼ Q0gqrbg for the gravity regime and thus
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where bg = 1.19 for ice. Here, we estimate ln (Rs,0/Rs) ’ 4.5 from Eq.
(20) with the use of CRs ¼ 0:1 for Mc = 0.10M) and Miso = 2.8M).
With fragmentation, the final embryo mass given by Eq. (21) be-
comes much smaller than the isolation mass, Eq. (6). As we will
show in Section 3 with the aid of statistical simulations, the plane-
tesimal mass m is about 100m0, where m0 is the initial planetesimal
mass. We assume m = 100m0 and will compare Mc with the embryo
mass obtained through the statistical simulation.

2.3.2. Growth with accretion of fragments
For the steady-state mass distribution of collision cascade (see

Appendix A), the surface density of small fragments is much lower
than that of planetesimals and the accretion of fragments is insig-
nificant for embryo growth. The collision cascade may terminate at
a certain mass where destructive collisions no longer occur due to
low collisional velocities damped by a strong gas drag. The steady-
state mass distribution is achieved if fragments at the low-mass
end of the cascade are quickly removed by the gas drag. However,
when the Rs-decay time resulting from the collision cascade is
shorter than the removal time of the fragments by gas drag, the
termination of the collision cascade yields a large amount of frag-
ments at the low-mass end of the cascade and would dominate the
solid surface density. Here, we examine the termination of the col-
lision cascade and estimate the embryo growth through accretion
of such fragments.

For small fragments, the e*-damping rate resulting from the gas
drag is given by (Adachi et al., 1976)
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where CL is a constant. As we will show, the surface density of frag-
ments becomes higher at the low-mass end of the collision cascade.
Our simulation yields CL ’ 1 at the low-mass end.
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where Q %D ’ 3:1' 106 erg=g for ice bodies with r = 10 m and we will
derive M * 0.1M) in the following analysis. Since ~sstop + 1, the cou-
pling between the fragments and gas is weak. Therefore, the drift
velocity of fragments is given by 2g2a/s (Adachi et al., 1976). Since
s / a3/4 for the fragments and Rs / a&q, the Rs-depletion rate is gi-
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where we set M = 0 at Rs = Rs,0. We recall that hPVSi = 73 and
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in Eq. (28) are independent of Mf for e*! hM. In

addition, since Q %D for the strength regime is almost independent
of the fragment mass m, we neglected the mass dependence of Q %D
for the derivation of Eq. (28). Assuming Rs,0+ Rs and q = 3/2, we
obtain
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The final mass given by Eq. (29) is also much smaller than the iso-
lation mass, Eq. (6). Furthermore, Mf is comparable to Mc given by
Eq. (21). When planetesimals have a large Q %D because of a rigid
material (high Q0g) and/or a large size, Mc is larger than Mf. In the
opposite case, Mf exceeds Mc. The final mass is supposed to be the
larger of the two, Mc and Mf. We apply Q %D for r = 10 m and will com-
pare Mf with the embryo mass resulting from the statistical
simulation.

3. Numerical simulations

3.1. Method

Many authors attacked the problem of the planetary growth
from planetesimals to embryos by N-body simulations (e.g.,
Kokubo and Ida, 1996, 2002), the statistical method (Wetherill
and Stewart, 1993; Kenyon and Bromley, 2004), and the hybrid
method (Kenyon and Bromley, 2008; Chambers, 2008). We apply
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the velocity dispersion of planetesimals !e*vK exceeds their escape
velocity for m [ 1024 g, planetesimals dominating the surface den-
sity become larger after 106 years. In contrast to the case without
fragmentation, the mass of bodies dominating the surface density
ceases at about 100m0, owing to a high collisional velocity
e"vK J

ffiffiffiffiffiffiffi
Q "D

p
. The slope of nc for m ! 1011–1020 g (r = 0.1–10 km)

is nearly #(5 + 3p)/(6 + 3p), which is typical of a collision cascade
for v2=Q "D / m#p (Kobayashi and Tanaka, 2010). The downward
mass flux along the mass coordinate is constant with mass in the
collision cascade. For m [ 1011 g, the velocity dispersions (e* and
i*) are effectively damped by the gas drag in the Stokes regime
(see Fig. 6). Because the collisional energy ! e"2v2

K

" #
is lower than

the energy threshold Q "D
" #

for a destructive collision, the down-
ward mass flux becomes insignificant compared to that in the col-
lision cascade. Therefore, the number of the bodies increases
around 1011g where e"2v2

K ! Q "D. Bodies with m ! 105 g (r ! 1 m)
are most efficiently removed by the radial drift and smaller bodies
(m$ 105 g or r$ 1 m) are coupled with gas. As a result, the mass
distribution becomes wavy (see Fig. 5). The surface density of
bodies with e"2v2

K ! Q "D is much higher than that of the coupled
bodies. However, planetesimals with !100m0 dominate the sur-
face density. At 4 % 106 years, the oligarchic growth is inhibited
by fragmentation inside 5 AU, where the number of fragments de-
creases compared to that at 106 years.

Fig. 7 shows the embryo-mass2 evolution at 3.2 AU. At the run-
away growth phase (the first [105 years), the embryo mass grows
as an exponential function of time. The growth rate becomes much
lower in the oligarchic mode at 105–106 years. The embryos exceed
that for the case without fragmentation. They are substantially fed
by small fragments whose velocities are damped by gas drag and
are low (see Fig. 6), resulting in their rapid growth. However, they
grow at a sluggish pace at about 4 % 105 years because the surface
density of planetesimals is decreased by collision cascade followed
by removal of small bodies by gas drag. As a result, the final embryo
mass is reduced by fragmentation. In this case, since Mc and Mf are
comparable, the embryo mass is determined by both effects. Even
so, the final embryo mass is consistent with Mc and Mf.

Fig. 8 presents the embryo mass at 107 years as a function of
distance, including the results for three additional annuli at 1,

1.4, and 2.0 AU.3 In simulations at a 6 2.7 AU, we use silicate bodies
(Table 1) instead of icy bodies. Decline of the planetesimal surface
density caused by fragmentation results in embryos smaller than
those for the case without fragmentation inside 6 AU. The masses
reach only 0.01–0.1M& in 107 years. The embryo masses at
a [ 1.5 AU and a = 2.7–5 AU are consistent with Mc or Mf. Inside
a [ 1.5 AU, the final mass is determined by the largest of the two
masses, Mc and Mf (see Fig. 9). For m0 = 4.2 % 1015 g (r0 = 1 km),
the embryo mass is determined by Mf because of Mf > Mc (see
Fig. 10). In addition, if both Mc and Mf are smaller than Mn in Eq.
(A3), the fragmentation is nearly negligible and the embryo mass
is given by Mn (see Appendix A for an analysis of embryo growth
without fragmentation).
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Fig. 7. Evolution of the embryo mass at 3.2 AU with fragmentation (black solid line)
and without fragmentation (gray solid line). Dashed lines indicate Mc (Eq. (19);
black) and Mf (Eq. (28); gray).
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Fig. 8. The embryo mass at 107 years for initial planetesimal mass of 4.2 % 1018 g
with fragmentation (filled circles) and without fragmentation (open squares).
Dashed lines indicate Mc (Eq. (19); black) and Mf (Eq. (20); gray). Gray solid line
shows Miso (Eq. (6)) for comparison. The vertical line represents the snow line
a = aice = 2.7 AU.
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Fig. 9. Same as Fig. 7, but at 1 AU.

2 Here, embryo mass represents the average mass of the ‘‘runaway bodies”.

3 The results come from two simulations: one in a < 2.7 AU and the other in
a > 2.7 AU.
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where v = e*vK. This equation is valid unless the surface density is
much smaller than that of embryos, Rs!McnM. Therefore, an esti-
mate of Rs for the final embryo mass is given by

Rs

Rs;0
¼ CRs Mc

24=3p~ba2hMcRs;0

¼ CRs

Mc

Miso

! "2=3

; ð20Þ

where CRs ! 1 is a constant. Generally, Mc should be smaller than
Miso.

We assume Q %D ¼ Q0gqrbg for the gravity regime and thus
a = [11 + 3(bg & 2/15)]/[6 + 3(b & 2/15)]. For the minimum-mass
solar nebula (R0 = 7 g/cm2 and q = 3/2), Eq. (19) can be re-written
as

Mc ¼ 0:10
lnðRs;0=RsÞ

4:5

! "1:21 a
5 AU

# $0:63 m
4:2' 1020 g

 !0:48

' M%

M(

! "&0:28 Q 0g

2:1 erg cm3=g2

! "0:89 q
1 g=cm3

 !1:85

M); ð21Þ

where bg = 1.19 for ice. Here, we estimate ln (Rs,0/Rs) ’ 4.5 from Eq.
(20) with the use of CRs ¼ 0:1 for Mc = 0.10M) and Miso = 2.8M).
With fragmentation, the final embryo mass given by Eq. (21) be-
comes much smaller than the isolation mass, Eq. (6). As we will
show in Section 3 with the aid of statistical simulations, the plane-
tesimal mass m is about 100m0, where m0 is the initial planetesimal
mass. We assume m = 100m0 and will compare Mc with the embryo
mass obtained through the statistical simulation.

2.3.2. Growth with accretion of fragments
For the steady-state mass distribution of collision cascade (see

Appendix A), the surface density of small fragments is much lower
than that of planetesimals and the accretion of fragments is insig-
nificant for embryo growth. The collision cascade may terminate at
a certain mass where destructive collisions no longer occur due to
low collisional velocities damped by a strong gas drag. The steady-
state mass distribution is achieved if fragments at the low-mass
end of the cascade are quickly removed by the gas drag. However,
when the Rs-decay time resulting from the collision cascade is
shorter than the removal time of the fragments by gas drag, the
termination of the collision cascade yields a large amount of frag-
ments at the low-mass end of the cascade and would dominate the
solid surface density. Here, we examine the termination of the col-
lision cascade and estimate the embryo growth through accretion
of such fragments.

For small fragments, the e*-damping rate resulting from the gas
drag is given by (Adachi et al., 1976)

de%

dt

! "

gas;f
¼ & e%g

s ; ð22Þ

where g = (vK & vgas)/vK is the deviation of the gas rotation velocity
vgas from the Keplerian velocity. For q = 3/2, g = 1.8 ' 10&3 (a/
1 AU)1/2. For small fragments, CD depends on u and e* becomes much
smaller than g by the gas drag. Hence, the damping rate given by Eq.
(22) is different from Eq. (13). Since the gas drag substantially damps
e* of small fragments, hPVSi = 73 is independent of e* for e*! hM.
Thus, the equilibrium condition between the stirring (Eqs. (10) and
(11)) and the damping (Eq. (22)) gives

e%2 ¼
h3

MhPVSisXK

24=3p~bg
: ð23Þ

Smaller fragments have low e* because of low s.
The collision cascade will no longer operate for such low e*. The

collisional energy between bodies of mass m is estimated to be
me%2v2

K=4 and is much smaller than energy threshold 2mQ %D for

me = m at the low-mass end of the cascade. Therefore, at the low-
mass end

e%2v2
K ¼ CLQ %D; ð24Þ

where CL is a constant. As we will show, the surface density of frag-
ments becomes higher at the low-mass end of the collision cascade.
Our simulation yields CL ’ 1 at the low-mass end.

The surface density of the fragments decreases as a result of the
radial drift by gas drag. From Eqs. (23) and (24), we estimate the
scaled stopping time ~sstop of the fragments at the low-mass end
of the cascade to be

~sstop ¼
sXK

g ¼ 24=3p~b

h3
MhPVSi

CLQ %D
v2

K
; ð25Þ

’ 19CL
a

5 AU

# $ M
0:1M)

! "&1 Q %D
3:1' 106 erg=g

 !
; ð26Þ

where Q %D ’ 3:1' 106 erg=g for ice bodies with r = 10 m and we will
derive M * 0.1M) in the following analysis. Since ~sstop + 1, the cou-
pling between the fragments and gas is weak. Therefore, the drift
velocity of fragments is given by 2g2a/s (Adachi et al., 1976). Since
s / a3/4 for the fragments and Rs / a&q, the Rs-depletion rate is gi-
ven by dRs/dt = &2(9/4 & q)g2Rs/s. Eliminating s of fragments at
the low-mass end of the cascade by Eq. (25), we get

dRs

dt
¼ & 9

4
& q

! "
Rsh3

MhPVSiXKgv2
K

21=3CLp~bQ %D
: ð27Þ

Since hPcoli ’ 11:3
ffiffiffiffi
eR

p
is independent of M for e*! hM, integration

of Eq. (8) divided by Eq. (27) gives another formula for the final em-
bryo mass,

Mf ¼
27=3CL

~bpCacca2hPcolið3M%Þ1=3

3ð9=4& qÞgPVS

Q %D
v2

K
ðRs;0 & RsÞ

" #3=4

; ð28Þ

where we set M = 0 at Rs = Rs,0. We recall that hPVSi = 73 and
hPcoli ¼ 11:3

ffiffiffiffi
eR

p
in Eq. (28) are independent of Mf for e*! hM. In

addition, since Q %D for the strength regime is almost independent
of the fragment mass m, we neglected the mass dependence of Q %D
for the derivation of Eq. (28). Assuming Rs,0+ Rs and q = 3/2, we
obtain

Mf ¼ 0:14
~b

10

 !3=4
a

5 AU

# $3=2 M%

M(

! "3=8 q
1 g=cm3

 !&1=8

' Rs;0

2:7 g=cm2

! "3=4 Q %D
3:1' 106 erg=g

 !3=4

M): ð29Þ

The final mass given by Eq. (29) is also much smaller than the iso-
lation mass, Eq. (6). Furthermore, Mf is comparable to Mc given by
Eq. (21). When planetesimals have a large Q %D because of a rigid
material (high Q0g) and/or a large size, Mc is larger than Mf. In the
opposite case, Mf exceeds Mc. The final mass is supposed to be the
larger of the two, Mc and Mf. We apply Q %D for r = 10 m and will com-
pare Mf with the embryo mass resulting from the statistical
simulation.

3. Numerical simulations

3.1. Method

Many authors attacked the problem of the planetary growth
from planetesimals to embryos by N-body simulations (e.g.,
Kokubo and Ida, 1996, 2002), the statistical method (Wetherill
and Stewart, 1993; Kenyon and Bromley, 2004), and the hybrid
method (Kenyon and Bromley, 2008; Chambers, 2008). We apply
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where v = e*vK. This equation is valid unless the surface density is
much smaller than that of embryos, Rs!McnM. Therefore, an esti-
mate of Rs for the final embryo mass is given by

Rs

Rs;0
¼ CRs Mc

24=3p~ba2hMcRs;0

¼ CRs

Mc

Miso

! "2=3

; ð20Þ

where CRs ! 1 is a constant. Generally, Mc should be smaller than
Miso.

We assume Q %D ¼ Q0gqrbg for the gravity regime and thus
a = [11 + 3(bg & 2/15)]/[6 + 3(b & 2/15)]. For the minimum-mass
solar nebula (R0 = 7 g/cm2 and q = 3/2), Eq. (19) can be re-written
as

Mc ¼ 0:10
lnðRs;0=RsÞ

4:5
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where bg = 1.19 for ice. Here, we estimate ln (Rs,0/Rs) ’ 4.5 from Eq.
(20) with the use of CRs ¼ 0:1 for Mc = 0.10M) and Miso = 2.8M).
With fragmentation, the final embryo mass given by Eq. (21) be-
comes much smaller than the isolation mass, Eq. (6). As we will
show in Section 3 with the aid of statistical simulations, the plane-
tesimal mass m is about 100m0, where m0 is the initial planetesimal
mass. We assume m = 100m0 and will compare Mc with the embryo
mass obtained through the statistical simulation.

2.3.2. Growth with accretion of fragments
For the steady-state mass distribution of collision cascade (see

Appendix A), the surface density of small fragments is much lower
than that of planetesimals and the accretion of fragments is insig-
nificant for embryo growth. The collision cascade may terminate at
a certain mass where destructive collisions no longer occur due to
low collisional velocities damped by a strong gas drag. The steady-
state mass distribution is achieved if fragments at the low-mass
end of the cascade are quickly removed by the gas drag. However,
when the Rs-decay time resulting from the collision cascade is
shorter than the removal time of the fragments by gas drag, the
termination of the collision cascade yields a large amount of frag-
ments at the low-mass end of the cascade and would dominate the
solid surface density. Here, we examine the termination of the col-
lision cascade and estimate the embryo growth through accretion
of such fragments.

For small fragments, the e*-damping rate resulting from the gas
drag is given by (Adachi et al., 1976)

de%

dt

! "

gas;f
¼ & e%g

s ; ð22Þ

where g = (vK & vgas)/vK is the deviation of the gas rotation velocity
vgas from the Keplerian velocity. For q = 3/2, g = 1.8 ' 10&3 (a/
1 AU)1/2. For small fragments, CD depends on u and e* becomes much
smaller than g by the gas drag. Hence, the damping rate given by Eq.
(22) is different from Eq. (13). Since the gas drag substantially damps
e* of small fragments, hPVSi = 73 is independent of e* for e*! hM.
Thus, the equilibrium condition between the stirring (Eqs. (10) and
(11)) and the damping (Eq. (22)) gives

e%2 ¼
h3

MhPVSisXK

24=3p~bg
: ð23Þ

Smaller fragments have low e* because of low s.
The collision cascade will no longer operate for such low e*. The

collisional energy between bodies of mass m is estimated to be
me%2v2

K=4 and is much smaller than energy threshold 2mQ %D for

me = m at the low-mass end of the cascade. Therefore, at the low-
mass end

e%2v2
K ¼ CLQ %D; ð24Þ

where CL is a constant. As we will show, the surface density of frag-
ments becomes higher at the low-mass end of the collision cascade.
Our simulation yields CL ’ 1 at the low-mass end.

The surface density of the fragments decreases as a result of the
radial drift by gas drag. From Eqs. (23) and (24), we estimate the
scaled stopping time ~sstop of the fragments at the low-mass end
of the cascade to be

~sstop ¼
sXK

g ¼ 24=3p~b
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where Q %D ’ 3:1' 106 erg=g for ice bodies with r = 10 m and we will
derive M * 0.1M) in the following analysis. Since ~sstop + 1, the cou-
pling between the fragments and gas is weak. Therefore, the drift
velocity of fragments is given by 2g2a/s (Adachi et al., 1976). Since
s / a3/4 for the fragments and Rs / a&q, the Rs-depletion rate is gi-
ven by dRs/dt = &2(9/4 & q)g2Rs/s. Eliminating s of fragments at
the low-mass end of the cascade by Eq. (25), we get

dRs

dt
¼ & 9

4
& q

! "
Rsh3

MhPVSiXKgv2
K

21=3CLp~bQ %D
: ð27Þ

Since hPcoli ’ 11:3
ffiffiffiffi
eR

p
is independent of M for e*! hM, integration

of Eq. (8) divided by Eq. (27) gives another formula for the final em-
bryo mass,

Mf ¼
27=3CL

~bpCacca2hPcolið3M%Þ1=3

3ð9=4& qÞgPVS
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where we set M = 0 at Rs = Rs,0. We recall that hPVSi = 73 and
hPcoli ¼ 11:3

ffiffiffiffi
eR

p
in Eq. (28) are independent of Mf for e*! hM. In

addition, since Q %D for the strength regime is almost independent
of the fragment mass m, we neglected the mass dependence of Q %D
for the derivation of Eq. (28). Assuming Rs,0+ Rs and q = 3/2, we
obtain

Mf ¼ 0:14
~b
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The final mass given by Eq. (29) is also much smaller than the iso-
lation mass, Eq. (6). Furthermore, Mf is comparable to Mc given by
Eq. (21). When planetesimals have a large Q %D because of a rigid
material (high Q0g) and/or a large size, Mc is larger than Mf. In the
opposite case, Mf exceeds Mc. The final mass is supposed to be the
larger of the two, Mc and Mf. We apply Q %D for r = 10 m and will com-
pare Mf with the embryo mass resulting from the statistical
simulation.

3. Numerical simulations

3.1. Method

Many authors attacked the problem of the planetary growth
from planetesimals to embryos by N-body simulations (e.g.,
Kokubo and Ida, 1996, 2002), the statistical method (Wetherill
and Stewart, 1993; Kenyon and Bromley, 2004), and the hybrid
method (Kenyon and Bromley, 2008; Chambers, 2008). We apply
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Mf ~ QD* 0.75	



計算量の見積もり 
様々な天体サイズの正しいQD*を求めるためには 
約１億粒子の計算を約500通りする必要がある 

500万粒子 12cores (Intel Xeon 3GHz) 

約100倍の計算量 
1億粒子 

20cores 50 weeks = 1年 

500ラン 1000cores 50 weeks = 1年 

～ 1 weeks（自作共有メモリ型並列SPHコード） 

(NlogN)x(N1/3) 



惑星形成（太陽系）	

衝突破壊モデル	


巨大天体衝突	




巨大天体衝突 (Giant Impacts)	

地球型惑星の様々な特徴に影響 
惑星の個数、形成時間、自転速度・方向など 

Chambers & Wetherill 1998, Kokubo & Genda 2010 など	

巨大衛星（月）の形成 Canup 2004, Ida et al. 1997など	

大気・海の散逸 Genda & Abe 2003, 2005 など	

巨大金属コア惑星（水星）の形成 
Benz et al. 1988, Benz 2007 など	

マグマオーシャンの形成 Melosh & Sonnet 1988 など	



原始月円盤の形成	

Canup 2004 

インパクトパラメータ b	

円
盤

質
量

 [月
質

量
]	

SPH法による計算	

10本以上の論文	

SPH粒子数：105個	



原始月円盤から月の形成	



格子法によるシミュレーション	

Wada, Kokubo & Makino (2005) 

EOS-‐1	  
気体っぽい	  

EOS-‐2	  
気体＋固体っぽい	

気体っぽい円盤が形成されると、	
円盤質量・角運動量が減少	



Canup,	  Barr	  and	  Crawford	  2013	
AMR-CTH法	 EOS:	  M-‐ANEOS	



計算量の見積もり 
自己重力入りSPHの計算 

105粒子 12cores (Intel Xeon 3GHz) 
～ 2 weeks（自作共有メモリ型並列SPHコード） 

(NlogN)x(N1/3) 108粒子 

1000cores で 50 weeks = 1年 
104.5倍の計算量 



巨大天体衝突による大気・海散逸 
大気・海入りの巨大天体衝突計算　　 
計算困難な点 
地面・海・大気の密度差大 
→DSPHで解決？ 
大気・海は薄い 
→粒子数大 
→計算機パワーで解決？ 

cf. 大気・海の典型的厚さ～10km  ← 10粒子で表現 
     固体惑星の半径　　　～1000km 

109粒子 106粒子の計算はされている 

Saitoh & Makino 2013	

Hosono et al. 2013	




計算量の見積もり 
自己重力入りSPHの計算 

105粒子 12cores (Intel Xeon 3GHz) 
～ 2 weeks（自作共有メモリ型並列SPHコード） 

109粒子 

(NlogN)x(N1/3) 

10000cores で 200 weeks = 4年 

108粒子 

1000cores で 50 weeks = 1年 
104.5倍の計算量 



まとめ 
惑星形成において天体衝突は重要なプロセスの 
一つであり、衝突現象は単純ではない。 

衝突破壊モデル(QD*)を正しく求める必要がある 
衝突パラメータ依存性を調べるには 
最低500ラン必要 ➡ 10000コア・１年 

巨大天体衝突でどのような月が形成される 
のかを調べるには１億粒子ぐらい必要そう 
分散メモリ型並列コードで1000コア・１年 


