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Chondrule and Planetesimal Formation	

中本泰史 (東工大) 

1. コンドリュールとは 
2. コンドリュール形成モデル 
3. 微惑星形成との関係 
4. 惑星系形成の理解	
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隕石	


1. コンドリュールとは	




隕石	


鉄隕石       5% 
石鉄隕石       1% 
石質隕石 

 エイコンドライト     8% 
 コンドライト     86%  
  普通コンドライト    90%  
  炭素質コンドライト     4% 
  エンスタタイトコンドライト    2% 
  他       4% 



-  T タウリ型星期 
 時期  ~ 0 - 3 Myr after CAI 
 期間   ~ 2-3 Myr 

-  溶融 & 固化 
 前駆体  < 650 K 
 温度上昇  > 104 K/hr 
 最高温度  ~ 1600 - 2000 K 
 液体状態 
 継続時間  ~ 数分 
 冷却   ~ 1 - 1000 K/hr 

 
- サイズ 

 0.1 – 1 mm 
 
-  大量に存在 (up to 80%) 

-  複数回加熱を受けている 

1mm	



“Flash Heating”による形成	



コンドリュール 



range from 4567.32 T 0.42 My to 4564.71 T
0.30 My (Fig. 2, B and C, and Table 1). The
oldest chondrule age overlaps with our estimate
of CAI formation and thus requires that ag-
gregation of the chondrule precursor material
and its thermal processing occurred within the
uncertainty of its Pb-Pb age. Moreover, the age
of the oldest chondrule indicates that it was not
heated to temperatures above the Pb closure tem-
perature after 4567.32 T 0.42 My and therefore
has a formation and thermal history indistinguish-
able from that of CAIs. These data demonstrate
that chondrule formation started contemporane-
ously with CAIs (within the uncertainty of our mea-
surements) and continued for at least ~3 My.

The majority of chondrules are believed to
have formed as dust aggregates of near-solar
composition subsequently thermally processed
by a flash heating mechanism creating the ig-
neous textures we observe today (10). However,
the presence of relict grains, igneous rims, and
compound chondrules suggests that some chon-
drules may have grown by collisions and re-
melting (22, 23). Given the low solar 238U/204Pb
ratio (m) of ~0.15 (24), the Pb isotopic com-
position of a chondrule precursor is not expected
to evolve measurably during the lifetime of the
protoplanetary disk (~3 My) until its m value is
increased by Pb devolatilization during ther-
mal processing. As such, internal isochron rela-
tionships of chondrules are expected to project
back to nonevolved initial Pb isotopic compo-
sitions, unless an object experienced a complex

thermal history involving multiple heating and
melting events. The isochron for the oldest
Allende chondrule (C30) projects back to an ini-
tial Pb isotopic composition that is less radio-
genic than the most primitive estimate of the
initial Pb isotopic composition of the solar sys-
tem (Fig. 3), based on the Nantan iron meteorite
(14). The low m value of the precursor material
for chondrules in general and the antiquity of
this chondrule in particular indicate that the
Pb isotopic composition of the Nantan iron me-
teorite does not represent the initial Pb isotopic
composition of the solar system, but instead an
evolved composition inherited after accretion
and differentiation of its parent body before
core formation. Similar to chondrule C30, three
of the four younger chondrules we analyzed
define isochron relationships that project back
to Pb isotopic compositions that are more pri-
mitive than the current estimate of the solar
system initial Pb composition. This implies that
the precursor material of these chondrules, es-
pecially C3 with its high m value of ~183, were
not thermally processed until at or near the
derived Pb-Pb age. Thus, the range of ages we
observe for individual chondrules reflects pri-
mary ages associated with a chondrule-forming
event and not secondary disturbance of the
Pb-Pb chronometer. Only the youngest chon-
drule, C2, yields an isochron that projects to a
more evolved Pb isotopic composition, requiring
that this inclusion was thermally processed for
the first time early enough to have accumulated

substantial radiogenic Pb by the time the last
melting event occurred at 4564.71 T 0.30 My.

Chondrules from the Allende and NWA
5697 chondrites define age ranges (Fig. 4) that
indicate the presence of multiple generations of
chondrules in individual chondrite groups. To
explore the spatial significance of this age range,
we have measured the 54Cr/52Cr ratios of these
chondrules, because 54Cr/52Cr variations within
the inner solar system track genetic relationships
between early-formed solids and their respective
reservoirs (25). The five chondrules analyzed
here show significant 54Cr variability (Table 1)
that is not correlated with their ages. Moreover,
most chondrules have 54Cr/52Cr ratios that are
distinct from those of their host chondrites (26).
Collectively, these observations indicate that
chondrules from individual chondrite groups
formed from isotopically diverse precursor ma-
terial in different regions of the protoplanetary
disk and were subsequently transported to the ac-
cretion regions of their respective parent bodies.
This is consistent with the proposal that radial
transport of material in the protoplanetary disk,
such as by radial diffusion (27) and/or stellar
outflows (3), was important during the epoch of
CAI and chondrule formation (28).

Some models of chondrule formation such
as current sheets (29), colliding molten planet-
esimals (30), and recycling of fragmented dif-
ferentiated planetesimals (31) are based on the
presumed offset of 1 to 2 My between the for-
mation of CAIs and chondrules and therefore
are inconsistent with the contemporaneous for-
mation of CAIs and the oldest chondrules in-
ferred from our study. Moreover, differentiated
planetesimals typically have enhanced U/Pb val-
ues (32), which would result in chondrules with
radiogenically evolved initial Pb isotopic com-
positions. However, the initial Pb isotopic com-
position of individual chondrules suggests that,
in most cases, chondrule precursors retained the
solar U/Pb value up to the chondrule-forming
event(s).

Nebular shock waves are currently the fav-
ored mechanism for chondrule formation. The pro-
posed sources of shock waves include infalling
clumps of dust and gas (33), bow shocks gen-
erated by planetary embryos (34), spiral arms
and clumps in a gravitationally unstable proto-
planetary disk (35), and x-ray flares (3). Similar
to the colliding planetesimals model, the forma-
tion of chondrules by bow shocks requires at
least 1 My to allow for the growth of planetary
embryos of adequate size and therefore cannot
explain the existence of old chondrules. Accretion-
driven shock models, including models based on
a gravitationally unstable disk, require copious mass
accretion rates to the central star on the order of
~10−5 solar mass (M☉) year–1 to be plausible
(36). Astronomical observations indicate that such
high accretion rates are achieved only in the deeply
embedded class 0 phase of star formation (37),
and such accretion rates can only last for ~0.1 My.
Thus, chondrule formation via accretion-driven

Fig. 4. Time scales of sol-
id formation and disk evo-
lution. The brief formation
interval of 160,000 years
for the CAI-forming event
is similar to the median
lifetimes of class 0 proto-
stars of ~0.1 to 0.2 My
inferred from astronomical
observation of star-forming
regions (37). Therefore,
the thermal regime re-
quired for CAI condensa-
tion may only have existed
during the earliest stages
of disk evolution typified
by highmass accretion rates
(~10−5 M☉ year–1) to the
central star.
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Connelly et al. 2012	

太陽系初期の年代（再測定）	


コンドリュール	


CAI	


238U/235U が非一様で 
あることを考慮	
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2. コンドリュール形成モデル 

・衝撃波加熱	


・雷加熱	


・X-Windモデル	


・...	



衝撃波加熱 
　　1. 衝撃波の発生 
　　2. 衝撃波内部での加熱機構  
　　3. ダスト粒子内部の現象  



1. 衝撃波発生	


2. 衝撃波内部	

3. ダスト粒子内部	




1. 衝撃波発生	


2. 衝撃波内部	

3. ダスト粒子内部	




衝撃波加熱機構	
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簡単な見積もり	


最高温度到達時：	
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Basic Equations for Dust Particles:	
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Basic Equations for Gas	





Vs = 10 km s-1,  npre=1014 cm-3, a0 = 0.1 mm 

Gas Temperature 

Dust Temperature 

Gas Number Density 

Iida, Nakamoto, Susa, & Nakagawa (2001) Icarus 153, 430	





Iida, Nakamoto, Susa, & Nakagawa (2001) Icarus 	



Chondrule Forming Shock Waves: Peak Temperature	





1. 衝撃波発生	


2. 衝撃波内部	

3. ダスト粒子内部	




複合コンドリュ−ル�

▶二個以上のコンドリュールが付着 

二つのコンドリュールが 
溶融状態を経験中に衝突�

▶コンドリュール全体の数%存在 

原始太陽系星雲中のダストの直接衝突は低頻度 
(Sekiya and Nakamura 1996, Wasson et al. 1995, Gooding and Keil 1981) 



分裂ー衝突モデル�

〜複合コンドリュール形成の1モデル〜�
(Miura, Yasuda, and Nakamoto 2007) 

衝突頻度 

~0.36 

存在割合 

~0.05 
コンドリュールの数 
複合コンドリュールの数 

>> 



分裂片同士の衝突�

Miura, Yasuda, & Nakamoto (2008) 



衝突付着条件�
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合体 
振動分離 

伸張分離 

分裂片同士は�
ほとんど付着�

Ashgriz and Poo 1990 



パラメータ 

X 

相対速度: u 
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液滴の衝突実験 (水) 
(Ashgriz and Poo 1990) 
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表面張力�



計算結果(ns1-nl1) 

伸張分離 
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1 10 100 1000 
Yasuda 2009	




Yasuda 2009	




1. 衝撃波発生	


2. 衝撃波内部	

3. ダスト粒子内部	




衝撃波の起源は何か？ 
・降着衝撃波	



	

分子雲コアからの降着流による衝撃波	


・自己重力円盤内密度波	



	

自己重力不安定なガス円盤内の密度波	


・微惑星前面のバウショック	



	

木星により大きなランダム運動を獲得した	


	

微惑星前面に発生するバウショック	



・星風による円盤上層衝撃波	


	

X線フレアによる星風とそれによる衝撃波 



ショック源は何か	


	
  
– コンドリュール前駆体を融かせるほど強い	
  
– 数百万年にわたって起こる	
  

微惑星まわりの 
バウショック 

 Hood (1998), Weidenschilling et al. (1998), 
 Ciesla et al. (2004), Nakajima (2010) 



木星による高速 
微惑星形成と 
微惑星前面の 
バウショック形成	


Weidenschilling et al. 1998	




解離・再結合 
なし	


解離・再結合 
あり	


解離入り計算	


ρ=10-8 g/cm3, v=12km/s の場合 

微惑星	


[K]	


[K]	


微惑星	


温度低下 
密度上昇 
（解離）	


温度上昇 
（再結合）	


Yamazaki 2013	




ガスの流線 
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Yamazaki 2013	




バウショックに突入した粒子の熱履歴	


•  パラメータ	
  
–  ximp = 80 – 400 km 
–  a     = 0.1, 1, 10 mm 

•  粒子に働く力 
– ガス摩擦 

 

•  粒子の加熱と冷却 
– ガス摩擦加熱、放射冷却 

ximp	
 微惑星 
ダスト 
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Figure 5.5: Trajectories of dust grains in the flow around the planetesimal with Rpl = 1000 km,
ρg,0 = 10−8 g cm−3, vg,0 = 10 km s−1 and a = 1 mm. The background gas is calculated with
H2 dissociation and the trajectories are calculated with melting and evaporation. Dashed line
represents a trajectory of a dust particle whose peak temperature does not reach Tmelt.
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Figure 5.6: Trajectories of dust grains. Settings are same as Fig. 5.5 but trajectories are
calculated without melting and evaporation.
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•  軌跡に沿った粒子の温度	


【結果】	


T d
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Nakajima 2010	
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Figure 5.10: some physical values of a grain with yimp = 800 km in Fig. 5.5. The upper panel
shows the temperature of the grain and gas, the middle one does energy budget and lower one does
the relative velocity of the grain to gas.
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Figure 5.10: some physical values of a grain with yimp = 800 km in Fig. 5.5. The upper panel
shows the temperature of the grain and gas, the middle one does energy budget and lower one does
the relative velocity of the grain to gas.

yimp = 800 km	


Yamazaki 2013	
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Figure 5.11: Chondrule formation condition with Rpl = 1000 km and a = 0.1 mm. The tem-
perature written above the symbols represents the max temperature of the grains which avoid the
planetesimal and do not evaporate perfectly. The gas properties are calculational result with H2

dissociation. Dashed line shows the boundary given by Iida et al. (2001).
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properties are calculational result with H2 dissociation.

Rpl = 1000 km, a = 0.1 mm	


Yamazaki 2013	


Iida et al. 2001	




– 46 –

Moreover, the results do not conflict with the observation which a number of compound chon-

drules consist of a set of different sized grains (the most frequent size ratio of grains composing

compound chondrules is 1:3).

 0

 500

 1000

 1500

 2000

-1500 -1000 -500  0  500  1000  1500  2000  2500

x [km]

y
 [
k
m

]

planetesimal

Figure 5.22: Trajectories of dust grains with a0 = 1mm (red), 0.1 mm (green), 0.01 mm (blue).
The background gas is calculated with ρg,0 = 10−8 g cm−3 and vg,0 = 10 km s−1 with H2 dissoci-
ation.

ΔV = 26 m/s	


異なるサイズのダスト粒子の軌跡：複合コンドリュール形成？	


・・・？	


Yamazaki 2013	
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太陽系の形成に特化したモデル：	


The Grand Tack Scenario  (Morbidelli et al. 2012)	


LETTER
doi:10.1038/nature10201

A low mass for Mars from Jupiter’s early
gas-driven migration
Kevin J. Walsh1,2, Alessandro Morbidelli1, Sean N. Raymond3,4, David P. O’Brien5 & Avi M. Mandell6

Jupiter and Saturn formed in a few million years (ref. 1) from a gas-
dominated protoplanetary disk, and were susceptible to gas-driven
migration of their orbits on timescales of only 100,000 years (ref.
2). Hydrodynamic simulations show that these giant planets can
undergo a two-stage, inward-then-outward, migration3–5. The ter-
restrial planets finished accreting much later6, and their character-
istics, including Mars’ small mass, are best reproduced by starting
from a planetesimal disk with an outer edge at about one astronom-
ical unit from the Sun7,8 (1 AU is the Earth–Sun distance). Here we
report simulations of the early Solar System that show how the
inward migration of Jupiter to 1.5 AU, and its subsequent outward
migration, lead to a planetesimal disk truncated at 1 AU; the terrest-
rial planets then form from this disk over the next 30–50 million
years, with an Earth/Mars mass ratio consistent with observations.
Scattering by Jupiter initially empties but then repopulates the aster-
oid belt, with inner-belt bodies originating between 1 and 3 AU and
outer-belt bodies originating between and beyond the giant planets.
This explains the significant compositional differences across the
asteroid belt. The key aspect missing from previous models of ter-
restrial planet formation is the substantial radial migration of the
giant planets, which suggests that their behaviour is more similar to
that inferred for extrasolar planets than previously thought.

Hydrodynamic simulations show that isolated giant planets embed-
ded in gaseous protoplanetary disks carve annular gaps and migrate
inward9. Saturn migrates faster than Jupiter; if Saturn is caught in the
2:3 mean motion resonance with Jupiter (conditions for this to happen
are given in Supplementary Information section 3), where their orbital
period ratio is 3/2, generally the two planets start to migrate outward
until the disappearance of the disk3–5,10. Jupiter could have migrated
inward only before Saturn approached its final mass and was captured
in resonance. The extents of the inward and outward migrations are
unknown a priori owing to uncertainties in disk properties and in
relative timescales for the growth of Jupiter and Saturn. Thus we search
for constraints on where Jupiter’s migration may have reversed (or
‘tacked’, using a sailing analogy).

The terrestrial planets are best reproduced when the disk of plane-
tesimals from which they form is truncated, with an outer edge at 1 AU

(refs 7, 8). These conditions are created naturally if Jupiter tacked at
,1.5 AU. However, before concluding that Jupiter tacked at this dis-
tance, a major question needs to be addressed: can the asteroid belt,
between 2 and 3.2 AU, survive the passage of Jupiter?

Volatile-poor asteroids (mostly S types) are predominant in the inner
asteroid belt, while volatile-rich asteroids (mostly C types) are predom-
inant in the outer belt. These two main classes of asteroids have partially
overlapping semimajor axis distributions11,12, though C types outnum-
ber S types beyond ,2.8 AU. We ran a suite of dynamical simulations to
investigate whether this giant planet migration scheme is consistent
with the existence and structure of the asteroid belt. Because of the
many unknowns in giant planet growth and early dynamical evolution,

we present a simple scenario that reflects one plausible history for the
giant planets (Fig. 1). We provide an exploration of parameter space
(see Supplementary Information) that embraces a large range of pos-
sibilities and demonstrates the robustness of the results. In all simula-
tions, we maintain the fundamental assumption that Jupiter tacked at
1.5 AU.

Figure 2 shows how the migration of the giant planets affects the
small bodies. The disk interior to Jupiter has a mass 3.7 times that of the
Earth (3:7M+), equally distributed between planetary embryos (large)

1Université de Nice – Sophia Antipolis, CNRS, Observatoire de la Côte d’Azur, BP 4229, 06304 Nice Cedex 4, France. 2Department of Space Studies, Southwest Research Institute, 1050 Walnut Street, Suite
300, Boulder, Colorado 80302, USA. 3Université de Bordeaux, Observatoire Aquitain des Sciences de l’Univers, 2 Rue de l’Observatoire, BP 89, F-33270 Floirac Cedex, France. 4CNRS, UMR 5804,
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Figure 1 | The radial migration and mass growth imposed on the giant
planets in the reference simulation. a, Mass growth; b, semimajor axis. A
fully-formed Jupiter starts at 3.5 AU, a location expected to be highly favourable
for giant planet formation owing to the presence of the so-called snow line21.
Saturn’s 30 M+ core is initially at ,4.5 AU and grows to 60 M+ as Jupiter
migrates inward, over 105 years. Inward type-I migration of planetary cores is
inhibited in disks with a realistic cooling timescale23–26; thus Saturn’s core
remains at 4.5 AU during this phase. Similarly, the cores of Uranus and Neptune
begin at ,6 and 8 AU and grow from 5 M+, without migrating. Once Saturn
reaches 60 M+ its inward migration begins25, and is much faster than that of
the fully grown Jupiter27. Thus, on catching Jupiter, Saturn is trapped in the 2:3
resonance3. Here this happens when Jupiter is at 1.5 AU. The direction of
migration is then reversed, and the giant planets migrate outward together. In
passing, they capture Uranus and Neptune in resonance and these planets are
then pushed outwards as well. Saturn, Uranus and Neptune reach their full
mass at the end of the migration when Jupiter reaches 5.4 AU. The migration
rate decreases exponentially as the gas disk dissipates. The final orbital
configuration of the giant planets is consistent with their current orbital
configuration when their later dynamical evolution is considered28,29 (see
Supplementary Information section 3 for extended discussion).
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・連続合体成長モデル 
  大丈夫？ 

 
・重力不安定モデル 

  重力不安定が起こるか？	


3. 微惑星形成との関係	
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乱流中でダスト集積 → 重力不安定	


★ Streaming Instability	


Nakagawa et al. 1986 の定常解は不安定	


Youdin & Goodman 2005	


for the odd (vertical velocity) and even (all other) variables,
respectively.

Figure 5 plots particle velocities for a rapidly growing mode.
The Kx value gives the fastest growth rate for Kz ¼ 1, as in
Figure 1. Since vertical wavelengths are longer than radial,
tight coupling of particles to the incompressible gas, @ug=@xþ
@wg=@z ¼ 0, causes vertical velocities to dominate. Recall from
Figure 1 (right) that elongation of the fastest growing modes is
more ( less) pronounced for tighter ( looser) coupling. The verti-
cal velocities flow toward density maxima for this growing secu-
lar mode. The pair of epicycles are weakly damped (s # $2:4 ;
10$3! and s # $8:9 ;10$3!) for these parameters. Their flow
patterns are similar to Figure 5, except that vertical velocities
flow toward density minima. Gas and particle velocities are not
well coupled for the three strongly damped modes. The gas is
nearly stationary, so particle motion leads to rapid decay.

Figure 6 shows perturbed relative velocities for the same
mode as Figure 5, with the perturbed density in gray scale. This
relative motion is predominantly radial, even accounting for
azimuthal velocities. The correlation of density with"u can be
derived from the continuity equation using !< 3 s.

These eigenfunctions cannot be fitted into a finite-thickness
dust layer. This is clear from equations (36) and (37) and Figure 5,
which show that vertical velocities are maximized where density
(and other component of velocity) vanish, and vice versa. Amore
complicated model that includes either stratification or a free
surface between the particle layer and overlying gas layers would
give eigenfunctions with more realistic boundary conditions.

5. TERMINAL VELOCITY APPROXIMATION

A simpler description of unstable modes, which filters the
three strongly damped roots, is achieved by assuming that rel-
ative velocities reach ‘‘terminal velocity,’’ so that drag forces

Fig. 4.—Left: Growth rates, log10(s=!) (solid contours), and decay rates, log10($ s=!) (dotted contours), vs. solid-to-gas density ratio and radial wave-
number for !s ¼ 0:01 and Kz ¼ 1. Two lobes of rapid growth are centered on "p="g # 0:2 and 3, with suppressed growth near "p ¼ "g. Right: Radial wave speed
contours in units of #vK!s for the same modes. The phase speed changes sign across "p ¼ "g. The dashed contours in both plots indicate the location where
vwave ¼ Usum=2.

Fig. 5.—Instantaneous (perturbed) particle velocity vp in the x-z plane with a
gray-scale image of azimuthal velocities (white is positive) for a growing mode
with Kx ¼ 5, jKzj ¼ 1, !s # :044, and "p="g ¼ 0:2. Gas velocities are very
similar because of strong coupling. The density is very nearly in phase with the
azimuthal speed, so the vertical flow is channeled to high-density regions. The
ratio of azimuthal to vertical velocity amplitudes is jvpj=jwpj ’ 0:66. The radial-
to-vertical ratio, jupj=jwpj ’ Kz=Kx ¼ 0:2, follows from near incompressibility.
This mode has a growth rate s=! # 2:9 ;10$3 and a phase speed !<=kx ¼
$0:42j"U j.

STREAMING INSTABILITIES IN PROTOPLANETARY DISKS 465No. 1, 2005

adjust quasi-statically to pressure forces. This amounts to ne-
glecting all terms on the left-hand side of equation (9), both in
equilibrium and in perturbation. Thus !V ¼ "(9P=!)tstop ,
and perturbations obey

!vþ "!V $ ikhtstop: ð38Þ

This approximation, which ignores inertial accelerations, is
valid so long as KT1=#s and #sT1.

A cubic dispersion relation,

( !" )
3

þ #s( !" )
2

i fp
K 2

x

K2
þ 2f 2g Kx

! "
" ( !" ) Kz

K

! "2

þ 2 fgKx
Kz

K

! "2

( fp " fg)#s ¼ 0; ð39Þ

results from equations (26), (28), (29), and (38); see the Ap-
pendix for intermediate equations. The roots of this cubic re-
produce the results of the full system of equations to very good
approximation when the stated assumptions are met.

5.1. Stability of In-Plane Motions

When Kz ¼ 0, equation (39) gives

"i!=" ¼ "fp#s " 2if 2g Kx#s; ð40Þ

so that all modes are damped, s < 0. The full equations also lack
growing modes for kz ¼ 0. Fluid motions in this case are quite
limited, especially given gas incompressibility. Equations (26)
and (27) show that w ¼ !w ¼ 0.6 The gas incompressibility
condition, kxug ¼ 0, requires ug ¼ 0 for a nontrivial mode.
Thus gas velocities are one-dimensional, azimuthal. We must

allow two-dimensional waves, and three-dimensional motion,
to find secular instability.

5.2. Equal Mass

When the mass densities of solids and gas are equal, so that
fp ¼ fg ¼ 1

2, the constant term in equation (39) vanishes. In this
case we have a static mode, ! ¼ 0, and the quadratic roots,

"i!

"
¼ #sK 2

x

4K 2
"1þ i

K 2

Kx
'

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1" i
K 2

Kx

! "2

" 4KzK

#sK 2
x

! "2
s2

4

3

5:

ð41Þ

The growth rate s ( 0 for any (real) choice of parameters.7

Notice that as #s ! 0 the modes approach the modified epicy-
clic frequency, !=" ! 'Kz=K (this is the frequency of in-
ertial oscillations in a single incompressible fluid). Numerical
solutions of the full equations give suppressed, but actually
nonzero, growth when densities are nearly identical. Also,
small-wavelength (Kk1=#s) behavior, in which growth rates
increase near equal densities, see Figure 3, is not captured in
the terminal velocity approximation, since terms giving small-
scale accelerations have been dropped.

5.3. Series Solutions

Aside from the special cases above, it is more enlightening
to consider solutions to the approximate dispersion relation,
equation (39), as a series expansion in #sT1:

! ¼ !0 þ !1#s þ !2#
2
s þ ) ) ) : ð42Þ

(Series solutions of the full sixth-order dispersion relation have
been done, but are not presented here.) Two of the three modes
described by equation (39) are epicycles (inertial oscillations)
to leading order, with !0=" ¼ 'Kz=K. The first-order correc-
tion, !1=" ¼ "fg fpKx " i fp(Kx=K )2=2, shows that these modes
are damped to lowest order. With the full set of equations,
epicycles can grow for Kz 3Kx, but growth rates of the secular
mode are always faster.
The third, secular root is oscillatory to leading order:

!1

"
$ 2 fg( fp " fg)Kx: ð43Þ

Thus the leading order wave speed is !1#s=kx ¼ Usum, the
sum of the equilibrium drift speeds of gas and solids; see equa-
tion (17). This agrees with the wave speed of growingmodes for
small Kx, before higher order corrections become significant.
Since !2 ¼ 0 for this mode, !3 gives the leading order growth
rate:

s3 * "i=(!3) ¼ 4 fp f
2
g ( fp " fg)

2 K
4
x

K 2
z

": ð44Þ

This rate is always positive, but nominally third order in #sT1.
However, growth rates are larger for Kx 3Kz. The growth is
maximized at Kz $ #sK 2

x as a higher order expansion (and, e.g.,
Fig. 2, left) shows. This asymmetry in wavenumbers makes the
growth rate first order in # s.
These low-order expansions confirm some basic results

about growth rates and wave speeds. Most importantly, we

Fig. 6.—Perturbed relative motion of solids and gas, !v, for the same mode
as Fig. 5. The gray-scale image shows density perturbations (white is posi-
tive). The radial relative motion dominates the azimuthal, j!vj=j!uj $ 0:15,
and vertical, j!wj=j!uj $ 0:11, speeds. Density perturbations correlate with
relative motion.

6 If s ¼ "1=( fg tstop), then!w 6¼ 0 is possible, but this damped mode is not
of particular interest.

7 This follows trivially from the fact that <f½(1þ ia)2 " b2,1=2g ( 1 for all
real values of a and b.
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粒子速度と 
方位角方向速度 
のゆらぎ	


ガス速度と 
密度の 
ゆらぎ	
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SI + GI による微惑星形成	
 Johansen et al. 2007 

ˆ r 
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Johansen et al. 2007 

~1000km 
の微惑星	




Equations of  motion

ρg
dvg
dt

= −
∂pg
∂x

−
ρg(vg − vd )

τ g,s

   : Gas  

ρd
dvd
dt

=
ρd (vg − vd )

τ d,s

   : Dust

Equations of energy

cgρgTg
dTg
dt

− cs
2 dρg
dt

= −
c gρg(Tg −Td )

τ g,t

 : Gas 

cdρdTd
dTd
dt

=
cdρd (Tg −Td )

τ d,t

− 4πrd
2εσ SBTd

4 ρd
md

  : Dust

Ideal fluid
pg = cs

2ρg

Time scales

τ g,s, τ g,t ~
rdρint
csρd

,    τ d,s =
ρd
ρg
τ g,s,  τ d,t =

cdρd
cgρg

τ g,t

加熱の後に集積？	
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4. 惑星系形成 
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